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1. INTRODUCTION 
  
 The control of the onset of liquid sheet breakup is of 
interest in such applications as nuclear safety, spray 
combustion, agricultural sprays, ink jet printing, fiber and 
sheet drawing, powdered milk processing, powder 
metallurgy, toxic material removal, and the encapsulation 
of biomedical materials. Liquid sheets can be formed in a 
number of ways. One of which is by two perfectly opposed 
impinging liquid jets, as shown in Figure 1. This 
phenomenon was first studied by Savart (1833), who 
showed that the sheet thickness depends on the distance 
away from the axis of impingement [1]. Experiments were 
later done by Bond (1935) for water sheets, with a strong 
emphasis on the effect of surface tension [2] . Taylor (1959) 
investigated perturbed waves on the sheet’s free surface and 
confirmed that the sheet breaks up at a critical radius 
determined by the Weber number of the sheet  [3]. The 
critical radius of breakup was explored further by Huang 
(1970) and break-up regimes were established  [4] . 
Variations of this case have since been looked into for 
different impingement angles  [5, 6, 7, 8, 9]. The 
propagating surface waves have been investigated by Lin 
(2003) through a rigorous stability analysis and a 
relationship was found between the wave speed and the 
Weber number [10, 11].  
 

 
 
 The goal of this paper is provide a numerical model for a 
liquid sheet which can be compared to the theoretical and 
experimental work mentioned above. We begin with a 
description of the physical configuration and a review of the 
analytic results pertaining to this configuration. A 
formulation of our corresponding mathematical model and a 
description of the numerical method and the boundary 
conditions is given. Next, we examine the steady state 
results, in which the Weber number at sheet asymmetry is 
determined for different densities, viscosities, and Reynolds 
numbers. The remaining sections examine the unsteady 
behavior of the sheet when a pulse is introduced at the inlet.   
 
 
 
 2. PHYSICAL PROBLEM 
  
     The The configuration is shown in Figure 1 where the r 
and z are the radial and axial cylindrical coordinates. The 
problem is assumed to be axisymmetric about the z-axis. 
The two liquid jets are assumed incompressible and 
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immiscible with the surrounding gas. Gravitational forces 
are neglected. Typically, analyses focus on the region where 
the sheet becomes thin and linearized results can be 
obtained. This region is defined by H/r<<1 where H is the 
half sheet thickness. In this region, an approximate inviscid 
flow solution can be found which is given by  
 
 ur=U0               (1) 

 
 
 uz=-U0z/r (2) 

 
where U0 is a constant radial flow velocity and ur,uz are the 

r and z velocity components respectively. U0 is determined 

by the exit velocities of the liquid jets, but it is usually 
assumed to be an input parameter in the analyses. Using 
this flow solution, an approximate solution for the position 
of the two liquid-gas interfaces can also be found  
 

 H=± 
R0H0
r  (3) 

 
where H0 is the sheet thickness at the radius R0. The 

constant R0H0 is also determined by the geometry of the 

liquid jets, but is assumed to be an input parameter in the 
analysis. 
 
 Taylor predicted that beyond a critical radius, the sheet is 
no longer stable and will break-up into droplets. This 
occurs at a critical Weber number of approximately one. 
The Weber number based on the thickness of the sheet is  
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where 

! 

"  is the surface tension, and 

! 

"
l
 is the density of the 

liquid. Using the relation between the half sheet thickness, 
H, and r an expression for the critical radius of the jet can 
be determined as  
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      We nondimensionalize the above problem using the 
radius R0, the flow velocity U0, and the liquid density. The 

nondimensional parameters are then 
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"g  is the gas density. For 
the analytic solutions to be valid, the parameter 

! 

" must be 
a small number. Expression (5) for the critical radius 
becomes We0 when nondimensionalized, thus the larger the 

inlet Weber number, the larger the critical radius. For 
viscous flows, we have two additional parameters, the inlet 
liquid Reynolds number, 
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, and the 

liquid to gas viscosity ratio, 

! 

µl /µg .                      

     To study this problem, we use the computational 
domain shown in Figure 2. From here on, all coordinates 
and parameters are nondimensional. The radius at the inlet 
is then unity, and the half-sheet thickness at the inlet is 

! 

". 
For all of the results we fix the parameter 

! 

" to be 0.1. The 
outlet radius of the domain is 5. An inflow boundary 
condition is imposed on the left side of the domain with  
(ur, uz) = (1, -z/r). The total stress is set to zero along the 

right, top, and bottom sides of the domain. A zero curvature 
condition is imposed for the interfacial boundary condition 
at the exit, which applies tension in the direction tangent to 
the interface at the exit. We note that the results are 
sensitive to the interfacial boundary condition. If the 
interface is constrained to be horizontal at the exit, no 
instabilities develop. At the inlet, the sheet location is 
fixed.  
  
  

 
 
      Initial conditions for the velocity are given by 
equations 1 and 2. The initial position for the interface is 
given by equation 3. The governing equations are the 
incompressible Navier-Stokes equations and the continuity 
equation. Interfacial jump conditions are applied along each 
interface.  
 
     Based on the predictions for the critical radius, we 
expect a stable sheet when We0 is greater than 5 because 

the sheet break-up should occur outside of our domain. 
When We0 is less than 5, break-up should occur within the 

domain. To study the stability of the problem, we decrease 
We0 in small increments, find steady state solutions for 



  
each value, and record We0,critical  where a transition in 

stability occurs. We will show that the transition in 
stability manifests itself as either a subcritical or 
supercritical pitchfork bifurcation with stable branches 
corresponding to asymmetric stable solutions. If the 
analytic predictions are correct, the bifurcation will occur at 
We0=5 which results in having the We based on the sheet 

half-length equal to one at the exit.  
 
     If the sheet position at the inlet is perturbed, stability 
analysis predicts that two wave packets travel downstream 
at two different speeds [11]. For Wesheet>1, the 

propagating wave speed, Vp, is defined by  

 

 Vp= 
drp
dt =1±We

-1/2
sheet (6) 

 
where rp is the propagating wave location evaluated at a 

given time, and the time is non-dimensionalized by  

t=(U0/R0)-1. In Eq.6, (1+We
-1/2
sheet) corresponds to a fast 

wave and (1-We
-1/2
sheet) corresponds to a slow wave. When 

Wesheet reaches 1 (the critical radius), this equation predicts 

that the surface propagation will slow to a halt. We will 
compare unsteady simulations of a perturbed liquid sheet to 
the following analytical predictions for We0>We0,critical  

and show that the slow wave propagation decreases as We0 

approaches We0,critical . 

 
     Since the thickness of the sheet decreases in the positive 
radial direction, it is useful to make the substitution 
Wesheet=We0/rp into Eq.6 to get  
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After separating the variables and setting rp=1 at t=t0, the 

integral of dt/drp yields  
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The above equation will be used to validate wave 
propagation in our unsteady simulations through its 
comparison to tracked wave edge positions at specified 
times for a sinuous pulse initiated at the sheet inlet.    
 

3. NUMERICAL METHOD 
 
     An An hp-finite element method is used to perform the 
numerical simulations  [12]. For the calculations performed 
in this study we use a basis composed of quartic 
polynomials on each element (p = 4). Quartic polynomials 
are used because they allow rapid convergence to the exact 
solution with increasing mesh resolution (5th order spatial 
accuracy). An unstructured triangular mesh on a rectangular 
domain is used in all the calculations as shown in Figure 3. 
The mesh is divided into 3 different regions: the gas layer 
above the liquid sheet, the liquid sheet itself, and the gas 
layer below the liquid sheet. Interfacial jump conditions are 
imposed between the liquid and gas meshes. The mesh is 
adapted based on the local truncation error in the solution 
 [12]. For unsteady calculations, the time discretization is 
an A-stable diagonally implicit Runge-Kutta scheme which 
is 3rd order accurate in time. For the unsteady simulations, 
we choose a non-dimensional timestep, Δt, of 0.2.  
 

 
 
 
4. SHEET STABILITY 
 
     Steady state solutions are found for 36 liquid sheets with 

the combinations of 
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µl

µg

=12.5, 25, 50, 
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"l
"g

=32, 160, 800 

and Rel=25, 50, 100, 200. These values are chosen because 

they center about the water-air system studied by G.I. 
Taylor. For all cases, a stable symmetric sheet is found for 
We0=10.0. The inlet Weber number is then decreased until 

the sheet becomes asymmetric about the z=0 plane and 
We0,critical  is recorded. Since We0,critical  is equal to 

the theoretical critical radius, Rc, it is shown by a vertical 

dashed line in the following figures. Figure  4 shows the 



  
steady solutions before and after We0,critical  for 

! 

µl

µg

=12.5, 

! 

"l
"g

=32, and Rel=50. In agreement with 

theoretical results, the sheet is symmetric to the left of the 
theoretical critical radius and asymmetric to the right. As 
the inlet Weber number is decreased below We0,critical , 

the location of the asymmetry progresses upstream (Figures 
4b, 4c, and 4d).  

 
  
     The direction of the asymmetry in Figure 4 is arbitrary 
because there are two stable solutions corresponding to 
mirror images about the z-axis. This leads to the conclusion 
that there is a pitchfork bifurcation at the stability point. 
This can occur either supercritically or subcritically. A 
supercritical bifurcation diagram is shown in Figure 5 with 
the bifurcation occuring at We0,critical . Since We0 is 

decreased in our simulation, the amplitude of asymmetry, a, 

vs. We0 is plotted here and progresses from right to left. 

The upper and lower stable branches correspond to an upper 
(Figure 4) and lower mirror image of the asymmetric 
solution. When we decrease We0 for the supercritical 

bifurcation, we travel from right to left on a stable branch 
and should expect to see the sheet take the same shape for 
each We0 as when we increase We0 and travel from left to 

right. That is to say, that there is no hysteresis. Also, the 
the amplitude of asymmetry should slowly evolve from a 
flat sheet to large scale deformation.  
 

 
  
      A subcritical bifurcation diagram is shown in Figure 6. 
The evolution of the amplitude of asymmetry should not 
slowly evolve from a flat sheet, but rather a jump will 
occur because the stable branches do not start at a=0 and are 
separated by unstable branches. The actual bifurcation 
occurs where the unstable branches meet and the solution is 
forced to jump to an asymmetric stable branch. After this 
jump, if we increase We0 and travel from left to right along 

the stable branch, we should see asymmetric stable sheet 
formations, where at the same We0 before, the sheet was 

symmetric. In essence, we should see a hysteresis loop as 
shown in the figure.  
  



  

 
  
     To determine the type of bifurcation that occurs, 
simulations are initiated with We0 far below We0,critical . 

For these simulations, the sheet is asymmetric because we 
are beyond the critical point. We0 is then increased. For the 

supercritical cases, the bend travels back downstream at the 
same locations as when We0 is decreased. If there is no 

hysteresis, the solution is independent from the direction 
that we approach it and it is a supercritical bifurcation. This 
behavior is seen in 9 of the cases studied, which were all 

combinations of 
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µl

µg

=12.5, 25, 50, 

! 

"l
"g

=32 and Rel=25, 

50, 100.  
 
     The cases that are subcritical exhibit erratic behavior 
because the solution can jump between 3 stable solutions. 
For some cases, the sheet is asymmetric and then 
symmetric again after reducing the inlet Weber number 
furthur. Following the same procedure as for the 
supercritical case, we find two steady solutions for the same 
parameters and same inlet Weber number (Figure 7 ). The 
difference being that one solution is found by approaching 
from We0>We0,critical  and the other is found by 

approaching from We0<We0,critical . This hysteresis 

proves that there are at least 3 stable solutions for this 
value of We0: a pair of asymmetric stable solutions implied 

by the grid symmetry about the z=0 plane, and a symmetric 
stable solution. For these subcritical cases, it is often 
difficult to precisely determine We0,critical  because the 

solution can jump branches before reaching We0,critical . 

Mesh adaptation often exacerbates this problem. To try and 
determine We0,critical  as precisely as possible, we turn 

off mesh adaptation and record the largest We0 when the 

solution transitions from symmetric to asymmetric as 
We0,critical . 

 

 
 

     To study the influence of 
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µl

µg

, 
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"g

, and Rel on 

We0,critical , we plot its contours on a Rel vs. 

! 

µl

µg

 grid 

(Figures 8, 9, and 10) with each map corresponding to a 

specific 

! 

"l
"g

. Curves of constant Reg are shown by dotted 

lines. Nine simulations are represented in each figure. The 
data points are denoted by O’s where the bifurcation occurs 
supercritically and by X’s where the bifurcation occurs 
subcritically. All figures show We0,critical  to have a 

weak dependence on all of the parameters within each 

chosen range: As 

! 

µl

µg

 ranges from 12.5 to 50, Rel ranges 

from 25 to 200, and 

! 

"l
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 quintuples, We0,critical  ranges 

only from 2 to 6.75. This agrees with the expectation that 
We0,critical  should be 

! 

" 5 (

! 

We
sheet,critical

"1). 

We0,critical  has a stronger dependence on liquid Reynolds 

number than on viscosity ratio, indicating that viscous 
effects are more important in the liquid phase than in the 

gas phase, but at higher 

! 

"l
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, the dependence on 
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µl

µg

 

increases. There is some variation in the plots because it 
was difficult to precisely determine We0,critical  when the 

bifurcation occurs subcritically.  
  
 
 



  

 
  
 
 
 
 
 
 

 
 
 

 
 
 
 
5. PERTURBATION RESPONSE 
 
     When an antisymmetric (sinuous) pulse is introduced, 
we expect it to propagate at a speed determined by Eq. 6. 
We perform unsteady simulations to verify these 
predictions. A sinuous pulse is initiated by moving the 
inlet nodes, located at (rinlet,zinlet)=(1, 

! 

") and (1, -

! 

"), 

using the equation below.  
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A is the amplitude of the wave, t0 is the time when the 

wave is initiated, and the inlet perturbation stops after a 
time of T. We perturb the sheets with A=0.01, t0=0.2, and 

T=2.0. A fast moving wave and a slow moving wave is 
produced as a result of the perturbation, as shown in Figure 
12. To track the position of each wave as a function of 
time, we follow the trailing edge of the fast moving wave 
and the leading edge of the slow moving wave. This is done 
by tracking the intersection made by the interface with the 
mean position of the sheet. 
  
 
     We present two cases for our unsteady results. The case 

of 
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µl

µg

=12.5, 

! 
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"g

=32, Rel=50 is supercritical. For this 

case, the asymmetry occurring at We0,critical  manifests 

itself as a small bend much like that seen in Figure 4. The 

case of 

! 

µl

µg

=12.5, 
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"l
"g

=800, Rel=25 is subcritical. For this 

case, the asymmetry occurring at We0,critical  is a large 



  
amplitude deformation. We run both cases with various 
values of We0’s that are close to We0,critical . For the 

supercritical case (Figure 13), a plot of rp versus t for 4 

sheets is shown: 2 sheets with We0>We0,critical , 1 sheet 

with We0=We0,critical , and 1 sheet with 

We0<We0,critical . For the subcritical case (Figure 14), 

the same plot is shown for two sheets of 
We0>We0,critical . The tracked wave position is shown 

by +’s and Eq.  8 is shown by the solid curves.  
 
     For the supercritical case, We0,critical  is 3.57. Figure 

13 shows a plot of the fast and slow waves for We0= 

2.875, 3.571, 5, and 10. The slope, Vp, is nearly 

independent of position for all fast waves. When We0 is 10 

and 5, the slow wave speed is also almost independent of 
position. For We0ЈWe0,critical , the slow wave decelerates 

as it nears the sheet edge. This agrees with the prediction 
that a propagating disturbance will slow to a stop at the 
sheet’s critical radius. For the case of We0=2.875, the sheet 

is unstable, and the slow wave merges with the developing 
asymmetry. Although the wave does not completely stop in 
the slow case, the wave propagation matches reasonably 
with stability theory for both the slow and fast wave.  
 
     For the subcritical case, We0,critical  is 2.22 and we 

present sheets with We0= 5 and 10. Figure 14 matches well 

with stability theory for the fast wave and is qualitatively 
correct for the slow wave. Vp follows Eq.6 and is nearly 

independent of position for both the slow and fast wave for 
large Wesheet. The reverse wave that is shown in Figure 14 

for We0=5 is actually an asymmetry evolving to its steady 

state formation, because the perturbation causes the 
solution to jump to an asymmetric stable branch. Figure 15 
shows the wave evolution for the supercritical case. The 
sheet asymmetry caused by the stability change begins to 
evolve after only 5.4 non-dimensional time units and stops 
after 83.2 non-dimensional time units.     
 
5. CONCLUSION 
 
     Different behaviors arise when a liquid sheet reaches its 
critical radius. A change of stability manifests itself as 
sheet asymmetry and the solution bifurcates either 
supercritically or subcritically depending on the chosen 
density ratio, viscosity ratio, and Reynolds number. The 
location of the critical radius where the stability change 
occurs has a weak dependence on these parameters and 
happens near Wesheet=1 as predicted by G.I. Taylor. A 

sinuous pulse at the sheet inlet produces a fast and slow 
moving wave which propagate downstream at speeds 
predicted by stability analysis.   
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