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INTRODUCTION 

Studying the injection of liquid droplets into a stream of air 
aims at better understanding the penetration of the fuel into 
the free-stream, the atomization of the injected fuel drops, and 
the level of fuel-air mixing [1]. The injection process involves 
complex multiphase flow phenomena including droplet break 
up, coalescence, and evaporation. In modeling such flows, 
droplets of various sizes, temperatures, and velocities evolve 
in the air stream continuously interacting and affecting the 
flow. Methods for the simulation of these types of transport 
problems fall under two groups: Lagrangian [2] and Eulerian 
[3] methods.  

In the Lagrangian approach [4-6], the spray is represented 
by discrete droplets, which are advected explicitly through the 
computational domain while accounting for evaporation and 
other phenomena. Due to the large number of droplets in a 
spray, each discrete computational droplet is made to 
represent a number of physical droplets averaging their 
characteristics. The equations of motion of each droplet are a 
set of ordinary differential equations (ODE) which are solved 
using an ODE solver, a numerical procedure different from 
that of the continuous phase. To account for the interaction 
between the gaseous phase and the spray, several iterations of 
alternating solutions of the gaseous phase and the spray have 
to be conducted. Therefore, while the treatment of physics in 
the Lagrangian approach is relatively easy, it is extremely 
expensive numerically when dealing with large number of 
droplets. 

In the Eulerian approach [5-7], the evaporating spray is 
treated as an interacting and interpenetrating continuum. In 
analogy to the continuum approach of single phase flows, 
each phase is described by a set of transport equations for 
mass,   momentum   and   energy   extended  by  interfacial 

exchange terms. This description allows the gaseous phase 
and the spray to be discretized by the same method, and 
therefore to be solved by the same numerical procedure. 
Because of the presence of multiple phases a multiphase 
algorithm is used. In this approach the number of droplets 
does not affect the computational effort, however accounting 
for the complex physics can become very expensive 
algorithmically and computationally. 

In this work, following the Eulerian approach, three 
methods for the simulation of droplet mixing and evaporation 
in a subsonic stream are presented and compared; (a) a full 
multiphase flow model where droplets of various group sizes 
are treated as separate disperse flow phases, (b) the Multi-
Size Group Model (MUSIG) where the various droplet group 
sizes are assumed to share the same velocity and temperature 
field and some averaged drag coefficient is computed based 
on the various droplet sizes, and (c) the Heterogeneous Multi-
Size Group Model (H-MUSIG) model that offers the best of 
the above two approaches. In the implementation, droplet 
breakup [8], coalescence [9], and evaporation are accounted 
for, with droplets moving from one size group to another. 

The various models are implemented within the framework 
of a pressure-based finite volume flow solver.  The k-  model 
is used to model turbulence in the gas phase while an 
algebraic model is used for the disperse phases. 

GOVERNING EQUATIONS 

The equations governing multiphase flows can be derived 
from the Navier-Stokes equations using various averaging 
techniques [10]. The end result is a set of conservation 
equations for each of the flow phases, denoted as phasic 
equations. 

In this work the gas phase is formed of two species namely 
air and liquid vapor, while the disperse phases are formed of 
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liquid droplets of various sizes and grouped for modeling 
purposes into various size-groups. The equations required to 
solve for this multiphase flow are those representing the 
conservation of mass, momentum, and energy for both the gas 
and droplet phases. Moreover, equations to track the mass 
fraction of the evaporating liquid in the gas phase and to 
compute the size of the droplets for each droplet phase in the 
full multiphase approach are needed. Furthermore, for 
turbulent flows, additional equations to compute the turbulent 
viscosity or Reynolds stresses are necessary. The number of 
these equations depends on the turbulence model used. In this 
work the standard k-  model [11, 12] is employed for the 
gaseous phase, while an algebraic model based on a 
Boussinesq approach [7] approximates the turbulence terms 
in the droplet phase transport equations. The flow fields are 
described by the transport equations presented next. 

Gas phase 

For the gas phase the continuity, momentum, energy and 
species equations [13] are written as 
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Turbulence in the gas phase is modeled using the two-
equations k-  model given by  
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Disperse phases 

For the disperse droplet phases, the phasic continuity, 
momentum and energy equations for group-i are given by 
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where the turbulent viscosity is computed as  
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and following the work of Wittig et al.[7], the ratio of the 
dispersed (d,i) and gas (g) phase turbulent kinetic energies are 
calculated as 
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with the frequency of the particle response  given by 
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Constitutive relations 

In equations (1-3) the evaporation of the droplets is 
accounted for through the addition of source terms. Droplet 
evaporation is simulated by means of the Uniform 
Temperature model [14]. The analytical derivation of this 
model does not consider contributions to heat and mass 
transport through forced convection by the gas flow around 
the droplet, which is taken into account by means of two 
empirical correction factors (mcorrection and hcorrection) [15]. This 
is implemented using the following relations 
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THE MULTIPHASE MODEL 

In the multiphase model, each of the droplet groups is 
considered a phase with a phasic velocity equation, an energy 
equation, and a volume fraction equation.  In addition a 
droplet equation is used to describe the droplet size evolution 
in each of the phases 16].  Thus for N droplet size groups N 
disperse phasic sets of governing equations similar to 
equations (7-9) will have to be solved. 

Droplet equation 

In the multiphase model, each of the disperse phase 
represents the evolution of a number of droplets in a similar 
fashion as in a Lagrangian formulation.  The droplet size 
evolution is described using a droplet equation that accounts 
for convective and turbulent transport of the droplet, their 
evolution in time in addition to accounting for the evaporation 
phenomenon.  The droplet equation [16] is written as 
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Thus the droplet size within each of the phases will vary 
throughout the domain depending on the evaporation rate. 

THE MUSIG MODEL 

The MUSIG (MUltiple-SIze-Group) model [17] was 
originally developed for the prediction of bubbles in water 
and has never been used for the prediction of mixing and 
evaporation of liquid droplets in a stream of gas.  In the 
MUSIG model there is only one disperse phase that is 
decomposed into N size groups, all moving at the same speed. 
To account for each size group, a size fraction equation is 
solved to determine the fraction, fi, of the disperse phase that 
is in the respective size group-i. To compute the momentum 
drag and the inter-phase heat and mass transfer, a local Sauter 
diameter is computed. 

MUSIG model formulation 

The disperse phase volume fraction, denoted as d, and the 
volume fraction of the droplet size group-i, denoted i, are 
related through 

d
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i
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Defining fi as the size fraction of the disperse phase that 
appears in droplet size group-i, we have 
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Substituting into the phasic continuity equation (7) the 
following equation is obtained: 
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This equation has the form of the transport equation of a 
scalar variable fi in which the source term Sph accounts for 
evaporation and the source term Si accounts for: (i) the birth 
of droplets of size i due to breakup of droplets of larger size 
and coalescence of droplets of smaller size; and (ii) the death 
of droplets of size i due to both break up and coalescence 
encountered in this size group. Therefore the sum of this term 
over all the size groups is equal to zero 
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In this work the Breakup model of Luo and Svendsen [8] 
and the coalescence model of Tsouris and Tavlaridis [9] are 
used.

Breakup model 

The net source to size group-i due to breakup is written as 
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In equation (19) the break-up rate jiB  is given by 
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where
jiB  is the breakage volume fraction given by 
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and FB is a model calibration factor, c is the continuous 
phase eddy dissipation energy,  is the surface tension, =2,
and is the dimensionless size of eddies in the inertial sub-
range of isotropic turbulence. The lower limit of the 
integration and the Kolmogorov micro-scale  are given by: 
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Coalescence model 

The net source to size group-i due to coalescence, is given 
as
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where Cij is the specific coalescence rate between groups i
and j and Xjki represents the fraction of mass due to 
coalescence between groups j and k which goes into i and is 
written as 
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When summed over all the size groups, the net source due 
to coalescence is zero. The coalescence rate ijC  of the 

dispersed phase in a turbulent flow field is  

jicjicij ddddC ,,            (25) 

where the collision frequency c(di,dj) and the 
corresponding coalescence efficiency c(di,dj) are written as 
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Sauter Diameter 

Note that the disperse phase continuity equation can be 
recovered by summing all group fraction equations. After 
solving the population balance equations, the droplet Sauter 
diameter, which represents an average depiction of the 
dispersed phase, is calculated as 
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where di is the diameter of droplet size group-i.   
The MUSIG model essentially reduces the multiphase 
approach described above back to a two-phase approach with 
one velocity field for the continuous phase and one for the 
dispersed phase. However, the continuity equations of the 
particle size groups are retained and solved to represent the 
size distribution. With this approach, it is possible to consider 
a larger number of particle size groups (say 10, 20 or even 30 
particle phases) to give a better representation of the droplet 
size distribution. 

THE HETEROGENEOUS MUSIG MODEL (H-MUSIG) 

With the MUSIG model, it is possible to consider, for a 
relatively small computational effort, a large number of 
particle size groups and give a better representation of the size 
distribution. The shortcoming of this approach however [18], 

is related to the forced common velocity of the various 
droplet groups.  It is well known that larger droplets do not 
follow the flow and smaller droplets do. By considering one 
average velocity for the droplets, a stratification of droplet 
sizes from normal fuel injection occurs with larger droplets 
penetrating further into the flow. The larger droplets transport 
more mass than may be expected. To alleviate this problem, 
the (homogeneous) MUSIG model is extended into a Multi-
phase MUSIG model or a Heterogeneous MUSIG model (H-
MUSIG). In the extended model, rather than assigning one 
velocity for all droplet groups, classes of droplet size groups 
are considered with droplet size groups in each class sharing 
the same velocity. This approach can be viewed as a blend 
between a full multi-phase approach and the two-phase 
MUSIG approach. If a group is composed of one droplet 
class, then the full multi-phase approach is obtained, whereas 
if a group is composed of all droplet sizes, then the original 
MUSIG is recovered. 

H-MUSIG model formulation 

In the H-MUSIG model, the disperse phase is divided into 
N fields, each allowing an arbitrary number of sub-size 
classes [18]. Therefore N velocity fields are solved and each 
disperse phase is subdivided into Ml size groups moving at 
the same mean algebraic velocity. The fraction of the various 
Ml sub-size groups is obtained by solving a fraction equation 
for each of the sub-groups in addition to the phasic 
momentum equation.  A phasic continuity equation is 
obtained from the sum of the phase fraction equations. 

If Fl denotes the disperse phase l, then the volume fractions 
of droplet size sub-groups, and the disperse phase are related 
through 
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where fi is the size fraction of the droplet phase which 
appears in group sub-size i, fFl,i is the population fraction of 
size sub-group-i in the phase l. The fraction equation for each 
sub-size group in class field l can be written as 
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where d is the density of the disperse phase, i is the 
volume fraction of size sub-group-i and 

lF  is the volume 
fraction of phase l. Summing over all sub-classes in phase l
and applying the following additional relations 

d

F
M

i

iF
d

F
M

i

iFF
l

lF

l

l
lF

ll
fSS

1
,

1
,

          (31) 

The phasic continuity equation becomes 
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It should be noted that to account for the breakup and 
coalescence for the H-MUSIG model, the following relations 
are applicable: 
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Since the breakup and coalescence occurs across phases, 
the following relation holds: 

0
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The overall disperse phase continuity equation of the 
dispersed phase can be written as 
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The Sauter diameter is modified to become  
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RELATION WITH POPULATION BALANCE 

The concept of Population Balance Equation in which the 
evolution of a population of particles is described by a 
Probability Density Function (PDF) can be related to the 
MUSIG model formulation.  If we define a Population 
balance equation for particle size groups where account is 
taken of different processes that control the particle size such 
as breakage, coalescence, and in this case the evaporation and 
convective transport of the particles, we can derive the 
following equation: 
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Where ni is the number of group i particles per unit 
volume, BBi and BCi are the birth rates due to breakup and 
coalescence respectively, and DBi and DCi are the 
corresponding death rates. Sphi accounts for size change due to 
phase change such as nucleation, condensation and in this 
case evaporation. Noting that the particle number density can 
be related to the volume fraction by the following relation 
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where d is the volume fraction of all particles, i is the 
volume fraction of particles in group-i , ni is the number of 
particles in group-i, and vi is the volume of one particle of 
group-i. Then the Population balance equation can be 
reformulated as 

phiidddidd SSff
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which is exactly the population fraction equation of the 
MUSIG model, equation (17). 

DISCRETIZATION PROCEDURE 

A review of the above differential equations reveals that 
they are similar in structure.  If a typical representative 
variable associated with phase (k) is denoted by k), the 
general fluidic differential equation may be written as 
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where the expression for (k) and Q(k) can be deduced from 
the parent equations. The general conservation equation (40) 
is integrated over a finite volume, the volume integrals 
replaced by surface integral using the divergence theorm, and 
then these surface integrals are replaced by a summation of 
the fluxes over the sides of the control volume. Discretizing 
these fluxes using suitable interpolation profiles [29-31] the 
following algebraic equation results: 
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An equation similar to equation (41) is obtained at each 
grid point in the domain and the collection of these equations 
forms a system that is solved iteratively.  

The discretization procedure for the momentum equation 
yields an algebraic equation of the form 
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Furthermore, the phasic mass-conservation equation can be 
viewed as a phasic volume fraction equation or as a phasic 
continuity equation, which can be used in deriving the 
pressure correction equation. Its discretized form is given by  
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Pressure correction equation 

To derive the pressure-correction equation, the mass 
conservation equations of the various fluids are added to yield 
the global mass conservation equation given by 
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Denoting the corrections for pressure, density, and velocity 

by P , k
u , and k , respectively, the corrected fields are 

written as 
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Combining equations (40) and (41), the final form of the 
pressure-correction equation is obtained as [32] 
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The corrections are then applied to the velocity, density, 
and pressure fields using the following equations: 
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SOLUTION PROCEDURE 

The overall solution procedure is an extension of the 
single-phase SIMPLE algorithm [19,20] into multi-phase 
flows [21]. The sequence of events in the multiphase 
algorithm is as follows: 

1. Solve the fluidic momentum equations for velocities. 
2. Solve the pressure correction equation based on 

global mass conservation. 
3. Correct velocities, densities, and pressure. 
4. Solve the fluidic mass conservation equations for 

volume fractions. 

5. Solve the fluidic scalar equations (k, , T, Y, dd ,

etc…). 
6. Return to the first step and repeat until convergence. 

RESULTS AND DISCUSSION 

The test problem is depicted in Figure 1. It represents a 
rectangular duct in which air enters with a uniform free 
stream velocity U, while fuel (kerosene is used) mixed with 
air is injected through a nozzle 1 mm in diameter in the 
streamwise direction at a 120° angle. The length of the 
domain is L=1 m and its width is W (W=L/4). Solutions are 
generated using the various methodologies previously 
described and the results are compared. 

The physical domain is subdivided into 120x102 non-
uniform control volumes. The Mach number and temperature 
of the air at the inlet to the domain are taken to be 0.2 
(Mair,inlet=0.2)  and 700 K, respectively. The fuel is injected 
through 12 uniform control volumes (each with a width of 
0.001/12 m) at different injection angles (varying uniformly 
from -60  to 60  as shown in Figure 1). The mixture of air 
and droplets are injected into the domain at a temperature of 
350 K with the volume fraction of kerosene in the injected 
air-fuel mixture being 0.1. The velocity of the injected 
mixture is set at 30 m/s. With this velocity profile and volume 
fraction a total of 1.8327 Kg/s/m of fuel are injected into the 
domain.  

Full multiphase results are generated using 5 droplet 
phases with sizes of 60 m, 80 m, 100 m, 120 m, and 
140 m with their inlet volume fractions being  0.0125, 
0.0225, 0.03, 0.0225, and 0.0125 respectively. For the 
MUSIG model, the droplet phase is divided into 10 size 
groups with the diameter of the smallest droplet set at 55 m
and the increment at 10 m with population fractions of 0.05, 
0.075, 0.1, 0.125, 0.15, 0.15, 0.125, 0.1, 0.075, and 0.05, 
respectively. For the H-MUSIG model, two droplet phases are 
considered; each divided into five size groups. The diameters 
and population fractions of the various groups are similar to 
those used with MUSIG. 

L

Wd

Figure 1: Schematic of the physical domain. 

Results for the various techniques are presented in Figures 
2 and 3. In Figure 2, u-velocity, gas temperature, and vapor 
mass fraction profiles across the domain at x=0.5 generated 
using the various algorithms are compared. The gas u-
velocity profiles (Figure 2(a)) obtained by the various 
methods nearly coincide. The temperature profiles however 
(Figure 2b)), show some differences in the region around the 
centerline of the domain, with H-MUSIG predicting the 
lowest gas temperature. This is in line with the vapor mass 
fraction profiles in Figure 1(c), which show that H-MUSIG 
predicts higher vapor mass fraction around the centerline and 
consequently leading to lower gas temperature. Moreover, 
profiles in Figure 2(c) show that full multiphase results are 
close to H-MUSIG results in areas away from the centerline 
and are close to MUSIG results in the region around the 
centerline.  
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Figure 2: Comparison of the (a) u-velocity, (b) 

temperature, and (c) vapor mass fraction profiles across the 
domain at x=0.5m generated using the full multi-phase, 
MUSIG, and H-MUSIG methods. 
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A comparison of the global behavior of the spray is shown 
in Figure 3 by presenting the axial variation of the droplet 
average mass density (Figure 3(a)), turbulent kinetic energy 
(Figure 3(b)), temperature (Figure 3(c)), and relative axial 
velocity (Figure 3(d)). These are calculated by taking the 
average of all the droplet phases of the area-averaged values 
at every axial station. Figure 3(a) indicates that the droplet 
mass density decreases in the streamwise direction due to 
evaporation.Moreover, the droplet velocity fluctuations 
increase close to the nozzle tip (Figure 3(b)) and decrease 
afterwards as the droplets become more aligned with the gas 
flow. Furthermore, Figure 3(c) shows that the rate of increase 
in the droplet temperature decreases in the flow direction due 
to the decrease in the gas temperature caused by the 
evaporating droplets. Finally, the acceleration of the droplets 
by the gas flow is reflected by the decrease in the difference 
between the droplet and gas axial velocity shown in Figure 
3(d). As can be seen the three solutions exhibit similar 
behavior with profiles close to each other. The plots also 
reveal that the largest differences are associated with the 
droplet turbulent kinetic energy (Figure 3(b)).   
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Figure 3: Comparison of the average droplet (a) mass 
density, (b) turbulent kinetic energy, (c) temperature, and (d) 
relative axial velocity in the streamwise direction  generated 
using the full multi-phase, MUSIG, and H-MUSIG methods. 

An important parameter for comparison is the percentage 
of the injected fuel that has evaporated into the gas field. 
These percentages are found to be 30.83%, 27.78%, and 
27.27% for the full multiphase method, the H-MUSIG model, 
and the MUSIG model, respectively. 

CLOSING REMARKS 

A comparison of the performance of the full multiphase 
approach, the MUlti-SIze Group (MUSIG) approach, and the 
Heterogeneous MUSIG (H-MUSIG) approach for the 
prediction of mixing and evaporation of liquid fuel injected 
into a stream of air was presented. The numerical procedures 
were formulated, following an Eulerian approach, within a 
pressure-based fully conservative finite volume method. The 
k-  two-equation model was used to account for the droplet 
and gas turbulence. Results indicate that solutions obtained by 
the various techniques exhibit similar behaviour with 
differences in values being relatively small. Results generated 
using MUSIG and H-MUSIG could be improved through 
better representation of evaporation in the population balance 
equations and through an improved drag model.  
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NOMENCLATURE 

Symbol Quantity SI Unit 
   
d23 sauter diameter  m 
 u velocity vector m/s 

G gas density kg/m3

dynamic viscosity kg/m.s 

Bij
breakup rate  

Bij
breakup frequency s-1

Cij coalescence rate  
ds Sauter diameter m 
f population fraction  
h static enthalpy J/kg 

dm mass rate of droplet 
evaporation 

kg/s

7



FB Body forces N 
FD drag forces N

dM volumetric mass rate of droplet 
evaporation 

kg/m3.s 

p pressure Pa
Pr laminar Prandtl number
Prt turbulent Prandtl number   
q heat flux W/m2

Red Reynolds number   
Sc Schmidt Number  
Y vapor mass fraction  

volume fraction  
Kolmogorov micro-scale m 

c coalescence efficiency  

c collision frequency s-1

hv latent heat J/kg
, laminar viscosity of phase k Pa.s 

turb turbulent viscosity of phase k Pa.s 

eff effective viscosity of phase k Pa.s 
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