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ABSTRACT
Turbulent sprays in computational fluid dynamics calculations (CFD) of internal combustion engines are usually modelled 
based on the most commonly used Eulerian-Lagrangian method, also known as the Discrete Droplet Model (DDM). This 
method is especially suitable for the modelling of dilute sprays, but has some disadvantages near nozzle region with respect to
insufficient description of the physics in a dense spray, where the bulk liquid phase disintegrates into droplets. This can be 
improved by stronger physical coupling of the gas and the liquid phase in the near nozzle region using an Eulerian-Eulerian 
multiphase method. This method provides a more accurate description of the physics in the dense spray region by treating each 
droplet size class as completely separate phase and solving conservation equations for each of them. The focus of this paper is
therefore on the application and validation of the Eulerian-Eulerian spray model. In the standard approach the model deals 
with fixed droplet size classes, while in an advanced model approach variable size classes are applied. The work presented 
below on diesel sprays establishes a validated modelling concept that can be applied with confidence for accurate calculation 
of the dense liquid spray. Several simulations of high pressures diesel injections have been carried out, using AVL’s CFD code 
FIRE, and compared with experimental data. 

INTRODUCTION

Pollutant emissions from diesel engines have been 
regulated for several decades, and new and more stringent 
regulations are expected within this decade. In response to 
these regulations, the increase of fuel efficiency continues to 
be a major challenge in modern engineering development 
process. The performance and fuel efficiency of diesel 
engines highly depends on the injector atomizer system and 
resulting spray behaviour, particularly on the quality of fuel-
air mixture, which is a key to maximizing fuel efficiency, and 
minimizing pollutant emissions of the engine. Therefore, an 
appropriate computer modelling of liquid-fuel spray dynamics 
is essential to provide insight and understanding of the spray 
flows in diesel engines.  

Different modelling approaches currently exist for 
multiphase droplet flows as Eulerian-Lagrangian, Eulerian-
Eulerian Multiphase, Volume of Fluid (VOF) etc. 

The Lagrangian-Eulerian approach has been used by many 
researchers and various improvements to the basic scheme 
have been proposed [1], [2], [3], [4], and [5]. In recent years 
this approach has dominated for predicting the behaviour of 
spray. Although various researchers and engineers have used 
Lagrangian-Eulerian formulation as a numerical simulation 
tool for prediction of characteristic of complex multiphase 
droplet flows to guide their engineering devices design, the 
concept and application have severe limitations. This 
formulation is very sensitive to the grid resolution in the near 
nozzle region [6], [7] and it reveals limitations in the 
description of dense sprays. This assumes that spray is 
sufficiently diluted; usually discrete phase volume fraction 
must be less than 10 %. It also shows statistical convergence 
problems as discussed by [8] and [9]. This can be improved 
by stronger physical coupling of the gaseous and the liquid 

phases using the Eulerian-Eulerian multiphase method, where 
a cloud of droplets is regarded as continuum and conservation 
equations are solved for gas and liquid phase. This means that 
the Eulerian description is applied to the dispersed liquid 
phases, which can be treated with the same discretization, 
similar numerical techniques and governing equations as used 
for the gaseous phase. This approach was firstly addressed by 
Harlow and Amsden [10], [11]. The Eulerian-Eulerian 
approach has been adopted by a number of researches and 
applied for numerical simulation, e.g. [12], [13], [14], [15],
and [16]. Compared to the Lagrangian scheme, the Eulerian 
scheme calculation is fairly efficient for flows of high droplet 
concentration, while the Lagrangian scheme, particularly for 
unsteady calculations, generally requires a large number of 
parcels in each control volume of the calculation domain. 
However, in order to better capture the behaviour of spray 
and characteristic of droplets in dense region using the 
Eulerian framework, the droplet-size distribution has to be 
divided into a number of separate size classes (n liquid 
phases), where each phase requiring its own set of 
conservation equations. 

The focus of this work is on application, optimisation and 
validation of the Eulerian-Eulerian spray modelling concept 
in high pressure dense diesel sprays. The numerical 
simulations of the sprays performed in this work have been 
based on the Eulerian-Eulerian approach, which was 
integrated into the commercial AVL CFD code FIRE. The 
validation of the Eulerian-Eulerian spray model against 
experimental data representing one of the basic requirements 
for the accurate prediction of spray flows has been used for 
further improvement and development of the physical spray 
models in the CFD code FIRE. Several simulations of high 
pressures diesel injections combined with different chamber 
pressure, using a standard approach with fixed droplet size 
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classes, have been carried out and compared with 
experimental data. In addition, the standard Eulerian 
approach has been extended by variable droplet size classes 
representing the advanced model approach, and simulation 
results for one operating point are presented. 

EULERIAN SPRAY MODEL 

Standard approach with fixed droplet size classes 

The basis of the Eulerian spray model is the multi-phase 
approach obtained through the ensemble averaging process of 
the conservation equations [17]. The different phases, here 
gas and liquid, are treated as interpenetrating continua 
represented by their phase volume fractions. Furthermore, the 
liquid is divided into different droplet size classes; each 
represented by a separate droplet phase. Table 1 shows the 
phase specification of the model. The first phase is always the 
gaseous phase for the gas mixture. The vapor mass fraction is 
transported by a separate scalar transport equation within the 
gaseous phase. The next phases from 2 to n-1 are the liquid 
droplet phases. In the standard Eulerian spray model a 
constant droplet class diameter is assigned to each of these 
phases. In the advanced Eulerian spray approach the droplet 
size class diameter is variable. The last phase n of Table 1 is 
the bulk liquid phase leaving the nozzle and disintegrating 
into the droplet phases, since primary break-up processes 
occur. For every phase the complete set of conservation 
equations is solved. The higher the total number of phases, 
the higher the resolution in the droplet diameter space, but the 
higher is also the computational effort. 

Table 1: The phase specification of the Eulerian spray model 

Phase 1 2, …, n-1 n

Content Gas mixture Droplets Bulk liquid 

The multi-phase conservation equations of [17] for mass, 
momentum, and enthalpy for phase k are shown in Eqs. (1),
(3) and (4). The compatibility condition Eq. (2) for the phase 

volume fractions k must be satisfied. The right hand sides of 
the conservation equation contain the exchange terms 

between the phases, kl, Mkl and Hkl. These terms contain the 
appropriate physics of the spray model, while the left hand 
sides determine the rate of change and convective transport of 
the flow properties of the phases. 
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The turbulence is modelled with the standard k-  model, 
where the equation 
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describes the transport of the turbulent kinetic energy kk for 

phase k. The turbulent viscosity k
t is modelled by 

C k kk
2/ k , where the turbulence dissipation rate k of phase k

is obtained from the following transport equation  
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The closure coefficients applied for the k-   turbulence model 
in Eq. (5) and Eq. (6) are summarised Table 2.

Table 2: Closure Coefficients in the k-  Model 

k C1 C2 C4 C

1.0 1.3 1.44 1.92 -0.33 0.09

For the vapor mass fraction Yi an additional transport 
equation, described by the equation  
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is solved for the gaseous phase 1. The source term SYi is 
determined by the sum of the evaporated liquid masses of all 
droplet phases from 2 to n.

The interfacial mass exchange term kl in Eq. (1) describes 
the mass exchange between the phases k and l. It gets its 
contributions from droplet evaporation E, primary break-up P
and secondary break-up S, as described by  

.   ,,, klSklPklEkl
 (8) 

The mass exchange between two phases for a process acts in 

both directions, so that one can write Process,kl = - Process,lk.
This means that a mass gain for phase k is a mass loss for 
phase l and vice versa, so that mass conservation over all 
phases is ensured. Evaporation takes place between the liquid 
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phases from 2 to n and the gaseous phase 1. The interfacial 
mass exchange rate due to evaporation between the droplet 
phase k and the gaseous phase 1 is determined by the equation  

,   1,1,1, kEkEkkE mN  (9) 

where droplet number density Nk denotes the number of 
droplets per unit volume. Assuming spherical droplets with 
diameter Dk, Nk can be derived from the equation 
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The term  determines the evaporated mass exchange rate 

of a single droplet calculated according to the model of 
Abramzon & Sirignano 

klEm ,

[18]. The negative sign in Eq. (9)
results from the sign convention of the evaporation model in 
[18], where evaporated mass being a mass loss for the 
considered phase, has positive sign. 

Figure 1 shows the break-up behavior in the Eulerian spray 
model. The droplet classes are sorted in ascending manner, 
where phase 2 denotes the droplet phase with the smallest size 
class diameter. The bulk liquid phase n disintegrates into the 
droplet phases from 2 to n-1. The droplets produced from 
primary break-up are subject to further secondary break-up 
processes, where every droplet phase k may disintegrate into 
droplets with smaller size class diameter from 2 to k-1.

Figure 1: Mass exchange in the Eulerian spray model due to 
primary and secondary break-up

Blob injection with decreasing number of blobs, as 
described in Figure 2 a), is assumed for the standard Eulerian 
spray model. This means that the mass loss of the parent 
droplet class resulting in a reduction of the phase volume 

fraction k leads to reduction of the number of blobs Nk, since 
the size class diameter Dk stays constant. 

The mass exchange rate due to primary and secondary 

break-up, P,nl and S,kl, are determined by the diameter 
change rates (dDn /dt)P,nl and (dDk /dt)S,kl of the disintegrating 
blobs. The equation 
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denotes the general break-up mass exchange rate, where 
index Br has to be replaced with P for primary and with S for 
secondary break-up. The disintegration rate of the bulk liquid 
phase n into the droplet phase l, (dDn /dt)P,nl, is calculated with 
the model of Bianchi & Pelloni [19] considering two 
independent mechanisms, aerodynamic surface wave growth 
and internal stresses by injector flow turbulence. The 
diameter change rate of the blob due to secondary break-up 
(dDk /dt)S,kl is modelled by the standard WAVE model [20].
The break-up models are applied in each cell of the spray 
region. If the predicted size of break-up products Dl is less 
than the parent drop diameter Dk, mass is transferred 
according to the break-up rate into the corresponding droplet 
size class. The break-up model equations for both, primary 
and secondary break-up, as well as the translation of the 
equation into the Eulerian frame are described in more detail 
in [21], [22], [23] and [24].

Figure 2: Numerical approaches for primary break-up

The momentum exchange between the gaseous phase 1 
and the liquid phases k from 2 to n, Mk1, is determined by 
drag forces, MD,k1, and turbulent dispersion forces, MT,k1, as 
shown by the equation 
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The drag coefficient cD is a function of the droplet Reynolds 
number, the liquid volume fraction and the droplet 
deformation. The turbulent dispersion force is modelled 
following the approach of [25], with a constant or modelled 
turbulent dispersion force coefficient cT.

The evaporation model determines the interfacial enthalpy 
exchange, Hk1, between the gaseous phase and the liquid 
phases. The term 1,kEQ  in Eq. (13) represents the heat flow 

rate into a single droplet and is calculated according to the 
correlation of [18].
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Advanced approach with variable droplet size classes 

The target of the advanced Eulerian spray model was to 
overcome the limitations of the fixed droplet size classes. 
Since the evaporation dynamics depends on the droplet 
diameter, the evaporation with fixed droplet size classes may 
be underestimated. Thus, by ensuring enough droplets of 
small size the break-up models have to compensate this 
effect. As a consequence of this break-up compensation all of 
the mass might be shifted into the class with the smallest 
diameter leading to poor resolution of the droplet size 
distribution. Therefore the model has been extended by using 
the idea of variable droplet size classes, which allows for 
improved resolution by using all of the size classes during the 
temporal evolution of size distribution and by tracking the 
diameter evolution inside each class. Therefore, Eq. (10) can 
be rewritten to extract the phase droplet diameter Dk, as 
described by the equation  
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Thus, by solving additional transport equations for the droplet 
phase number densities for every liquid phase k, according to 
the equation 
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the droplet size class diameter can be calculated locally with 

the number density Nk and the volume fraction k. Within the 
considered droplet size class k there is still one single 
diameter, however, changing with time. Furthermore also the 
size class borders are continuously adapted. This method is 
applied locally in each computational cell favouring an 
optimum resolution in each region of the domain. The number 

density source term k gets its contributions from all 
processes producing or annihilating droplets. Evaporation E
and thermal expansion Th due to temperature change lead to a 
change of the droplet diameter, but do not influence the 

number of droplets. Thus, E,k and Th,k for k from 2 to n are 
zero. Number density sources from collision and coalescence 
are not yet considered. Primary and secondary break-up 
processes generate new droplets, and hence, the number 

density source term k equals 

.   ,, kSkPk
 (16) 

For the Eulerian spray model with variable droplet size 
classes, the primary break-up approach corresponds to the 
sketch in Figure 2 b) showing blob injection with decreasing 

blob diameter. The bulk liquid phase has no source, P,k=n = 
0, since the child droplets are stripped from the parent droplet 
without changing their number. The produced child droplets 
of phase k generate the number density source according to 
the equation 
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In the present model secondary break-up occurs, if parent 
droplets belonging to phase l disintegrate into child droplets 
belonging to phase k, where the class diameter Dl, has to be 
bigger than the class diameter of Dk. The number density 

source S,k is then determined by the sum of the secondary 
break-up processes producing mass transfer into phase k, as 
described by the equation 
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The evolution of the droplet size class diameter over time 
depends on the evaporation and the break-up processes. The 
assumption of classes sorted in ascending manner, as shown 
in Figure 1 for the standard Eulerian spray model, cannot be 
ensured. Thus, for the determination of the parent and child 
droplet phases relevant for the break-up processes, the droplet 
size classes have to be sorted according to their class diameter 
Dk.

SIMULATION AND VALIDATION 

The numerical simulations of the spray have been based on 
the Eulerian-Eulerian multiphase model implemented in 
AVL’s CFD code FIRE. Five operating points of 
high-pressure diesel sprays have been used for the simulation 
cases. A two dimensional computational mesh with 1 400 
cells, extending from 0 to 120 mm in axial direction and from 
0 to 25 mm in radial direction, and applied axial symmetry in 
tangential direction, have been used for the simulations. The 
mesh has been refined towards the spray inlet and the 
symmetry axis.  

Six phases in total have been used, one gaseous phase, four 
droplet phases and one bulk liquid phase. The size class 

diameters are 5, 10, 20 and 40 m for the droplet phases and 

the nozzle diameter of 205 m has been assigned to the bulk 
liquid phase. A variation of sub-model coefficients has been 
performed and its impact on predictions has been investigated 
in order to obtain a final set of sub-model coefficients, which 
was then applied for all simulations of the experimental 
operating points. 

The Figures 3 to 7 show the comparisons of calculated and 
measured penetration curves of the liquid and the vapor spray 
tip for different injection pressures combined with different 
chamber pressure. The standard approach with fixed droplet 
size classes was applied in these simulations. Since previous 
simulations had shown systematic underestimated vapor tip 
penetrations, the model constant C2 in the turbulence 
dissipation rate transport equation (Table 2) was adjusted to 
the value proposed by [26] of C2=1.8. The adapted value of 
C2 causes less reduction of the turbulence dissipation rate, 

consequently a higher dissipation level  and a lower level of 
the turbulent kinetic energy k, finally leading to a lower 
turbulent viscosity and a better spreading rate. 

At this point it is important to mention that the spray 
contour in the Eulerian-Eulerian spray description is not as 
easy to detect as in the Lagrangian DDM. The spray contours 
are determined by the limiting threshold values for the liquid 
volume fraction and the vapor mass fraction. Once the limiter 
values are defined for one reference case showing good 
agreement with the experimental data, the same values have 
to be used for all other cases to be comparable. More details 
about the determination of the limiting threshold values can 
be found in [23]. The stepwise illustration of the spray tip 
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penetration curves results from the post-processing and 
depends on the mesh resolution in the corresponding region. 

Figure 3: Comparison of the calculated and measured liquid 
and vapor penetration at 50 MPa rail pressure and 7.2 MPa 
chamber pressure

Figure 4: Comparison of the calculated and measured liquid 
and vapor penetration at 80 MPa rail pressure and 7.2 MPa 
chamber pressure

Figure 5: Comparison of the calculated and measured liquid 
and vapor penetration at 120 MPa rail pressure and 7.2 MPa 
chamber pressure

It can been seen that predicted penetrations for liquid and 
vapor phase for all simulation cases are in fairly good 

agreement with the experimental data and that standard 
Eulerian model with fixed droplet size classes can be taken 
with confidence for multiphase calculation of dense liquid 
spray near the nozzle region. 

Figure 6: Comparison of the calculated and measured liquid 
and vapor penetration at 50 MPa rail pressure and 5.4 MPa 
chamber pressure

Figure 7: Comparison of the calculated and measured liquid 
and vapor penetration at 80 MPa rail pressure and 5.4 MPa 
chamber pressure

The advanced model with variable droplet size classes 
represents an important step forward in the Eulerian spray 
approach, since it increases the resolution of the droplet size 
distribution and improves the simulation of the evaporation 
process. In this paper the simulation results for one case at 
120 MPa rail pressure and 7.2 MPa chamber pressure are 
presented in detail. Figure 8 shows the computational mesh, 
the total volume fraction, which is the sum over all liquid 
phase volume fractions, and the vapor mass fraction 2 ms 
after the start of injection.  

As shown in Figure 9 the liquid and the vapor tip 
penetration calculated with variable droplet size classes are 
also in good agreement with measurement data. 

The local diameters, the phase volume fractions, and the 
droplet number densities for the droplet phases 2, 3 and the 
bulk liquid phase 6 are shown in the Figures 11 to 12, 2 ms 
after start of injection respectively. Due to evaporation the 
droplet diameters of phase 2 in Figure 10 are continuously 
decreasing. Figure 11 shows a spot in the number density 
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field. Since the droplet diameters in the corresponding region 
do not show a similar spot, one can conclude that this region 
represents accumulated droplet mass caused by the break-up 
processes and the droplet transport. As can be seen in 
Figure 11 the border of the droplet diameter field is different 
to the total liquid spray contour. Due to numerical reasons 
every phase has to have a certain minimum value for the 
volume fraction, and thus, every cell in the computational 
domain has a certain droplet diameter. For better 
visualisation, the droplet diameters are plotted only in region 
of the expected spray contour, which does not necessarily 
correspond to the real spray contour. 

Figure 8: Total liquid volume fraction and vapor mass 
fraction 2 ms after start of injection

Figure 9: Comparison of the calculated and measured liquid 
and vapor penetration at 120 MPa rail pressure and 7.2 MPa 
chamber pressure by using variable droplet size classes

It is noticeable as shown in Figure 12 that approximately 
1.5 mm away from the orifice the bulk liquid phase 6 is fully 
disintegrated into the droplet phases. As discussed above, the 
number density of phase 6 does not change due to primary 
break-up, since blob injection according to Figure 2 b) is 

assumed. The mass is shifted to the droplet phases and 
consequently the droplet diameter decreases.

Figure 10: Local diameter, volume fraction and droplet 
number density for the liquid phase 2 (2 ms after start of 
injection)

Total liquid spray contour 

Figure 11: Local diameter, volume fraction and droplet 
number density for the liquid phase 3 (2 ms after start of 
injection)

Figure 12: Local diameter, volume fraction and droplet 
number density for the liquid phase 6 (2 ms after start of 
injection) 
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Figure 13 shows the total volume fraction, the mean 
diameters fields for the number mean D10, the volume mean 
D30, and the Sauter mean D32 diameter in the region up to 
10 mm away from the nozzle exit. It can be observed that 
break-up and evaporation processes reduce the droplet 
diameters. Experimental data for the droplet diameters were 
not available for comparison. 

Figure 13: Total liquid volume fraction and mean diameters 
D10, D30 and D32 (2 ms after start of injection)

CONCLUSION

An Eulerian-Eulerian spray modelling concept, applying 
the standard approach with constant size class diameters 
assigned to each of the liquid droplet phases and the advanced 
approach with the variable droplet size classes, has been 
presented.

The validation of the standard Eulerian spray model has 
been achieved by comparing model predictions against 
experimental data for variation of high-pressure diesel 
injections at two different chamber pressures. The simulation 
results are in good agreement with experimental data for 
liquid and vapor penetration. Consequently, the results 
confirm that standard Eulerian approach can be applied with 
confidence for accurate prediction of characteristic of 
complex multiphase droplet flows in high pressure dense 
diesel spray simulations.  

In addition, the standard validated diesel spray modelling 
approach has been extended by transporting additional 
number density transport equations to obtain variable droplet 
size classes. This approach has been validated for one case for 
high-pressure diesel injection at 7.2 MPa chamber pressure. 
The results for liquid and vapor penetration are also in good 
agreement with experimental data. It is shown that this 
advanced approach is capable to ensure improved resolution 
of the droplet size distribution, which is important for 
improved and accurate prediction of evaporation dynamics. 
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NOMENCLATURE

c, C Model constant -
D Diameter m 
D Diffusion coefficient of species m²/s 
f Specific body force vector m/s² 
h Specific enthalpy J/kg
H Enthalpy exchange rate W/m³ 
k Turbulent kinetic energy m²/s² 
M Momentum exchange rate vector N/m³ 
m Mass kg
n Number of phases -
N Droplet number density 1/m³ 
p Pressure Pa
q Heat flux rate W/m² 
Q Heat transfer J
S Species source kg/s m³ 
Sc Schmidt number -
t Time s
v Velocity vector m/s 
Y Species mass fraction -

Volume fraction -

Turbulence dissipation rate m²/s³ 

Mass exchange rate kg/s m³ 

Dynamic viscosity Pa s 

Heat source W/kg 

Number density exchange rate 1/s m³ 

Density kg/m³ 

Model coefficient -

Stress tensor N/m² 

Subscripts:
Br Break-up
D Drag
E Evaporation
i Species index 
k,l Phase indices 
P Primary break-up 
S Secondary break-up 
T Turbulent dispersion 
Th Thermal Expansion 
Y Species
Superscripts:
t turbulent
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