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Abstract
In the present study, we analyse laser sheet spray imaging data using Proper Orthogonal Decomposition (POD).
The analysis sheds light into the spray structures including spray-vortex interaction. The analysis of these struc-
tures is essential in understanding the fundamentals of spray characteristics. We study the influence of injection
pressure on spray formation. Two different cases are considered corresponding to 450 bar, and 1000 bar injection
pressures. The POD analysis reveals that the spray images can be decomposed into a set of orthogonal basis func-
tions which provide more insight to the structures seen by bare eye. The effect of injection pressure is coherently
explained with the POD modes. In particular, with the increase in pressure, might lead to better mixing in sprays.
Furthermore, the sensitivity analysis of the POD modes reveals that the present conclusions are independent of the
number of spray images for considered ensembles.

Introduction
Today one of the major problems of oil based energy and transport sectors is exhaust gas emissions. Re-

searchers are searching for ways to reduce the emission. The emissions of modern diesel engines are mainly
related to NOx and soot. The origin of soot emissions are in fuel rich combustion conditions that are a result of
poor mixing between fuel droplets and the surrounding air. The turbulent mixing of fuel droplets in engines is cru-
cial in determining the amount of soot produced by the spray combustion process [1]. Therefore the understanding
and research concerning fuel spray mixing is very important.

To gain a deeper understanding on combustion process and turbulent fuel air mixing, machine-learning meth-
ods can be utilised. This field allows computers to adopt behaviors based on training data. These methods recog-
nize complex patterns and makes intelligent decisions based on data [2]. These techniques include: reduced order
models or dimensionality reduction methods, statistical, and machine vision methods. Dimensionality reduction is
a technique used to find a reduced order model on a given data. Such a technique includes feature selection and
feature extraction methods. Feature selection is based on selecting a subset of variables which best define the data,
whereas feature extraction transforms the data from high-dimensional space to a space of fewer dimensions [2].
The data transformation may be linear, as in Proper Orthogonal Decomposition (POD).

Proper Orthogonal Decomposition (POD) can be used to analyze the spray formation and to shed further light
into understanding the fundamentals of spray characteristics such as spray-vortex interactions. From the literature,
it is expected that POD would be a good method for analyzing the flow structures. For example, Perrin et. al [3]
used POD to obtain phase averaged turbulence properties for flow past a cylinder. In highly turbulent flows,
the coherent flow structures are difficult to identify due to the combination of organized and chaotic fluctuating
motions. Using POD analysis it is shown in [3], that von Karman vortices can be reproduced within the first few
modes. POD has also been used as a tool for the comparison of Particle Image Velocimetry (PIV) and Large Eddy
Simulation (LES) data in [4] and it is also shown that POD modes have a good qualitative agreement between PIV
and LES. POD was applied to the image sequence prior to image analysis in [5]. The reconstruction of a snapshot
using POD analysis observed reduction of droplet noise in the spray boundaries, resulting in a smoother boundary
for edge detection. This analysis processed the morphological parameters including spray boundary, widths, and
angles of ill-behaved sprays.

The POD modes can be considered to be energetically the optimal decomposition for the flow. Only a few
POD modes are required to capture the large scale structures in sprays. When using POD modes to represent the
spray images, a majority of the Total Intensity Fluctuation (TIF) is contained within the first few POD modes. To
identify the coherent flow structures caused by the turbulence in the sprays, we study 2 cases of cross sectional fuel
spray data with pressure corresponding to 450 bar and 1000 bar.

There are two main objectives in this paper. First, POD is implemented with Matlab and used to analyze
cross sectional spray data. Second, the potential of POD in the ICE applications is pointed out to study the
mixing quantitatively in turbulent sprays. The organisation of the paper is as follows: In section 2, we study the
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Figure 1. Laser sheet imagining.

Figure 2. Schematic representation of pressurized test chamber.

experimental methods. Section 3 deals with the implemention details of POD. Results and discussions are made
in section 4 and finally, conclusions are drawn and further research directions are discussed in section 5.

Experimental Methods
Experimental fuel spray measurements are performed with laser based sheet imaging system (Figure 1) at

pressurized injection test chamber (Figure 2). A slice of the fuel spray is visualized with a thin laser sheet. The
intense laser sheet illuminates the droplets on its way through the fuel spray. Scattered light from particles is then
recorded with a high-resolution camera. The optical access to the injection test chamber is through four windows
at different sides.

The light source is a pulsed Nd:YAG laser sheet with 532 nm wavelength after second harmonic generator.
The images are taken with digital monochrome camera (CCD). Duration of a laser pulse is approximately 5 ns.
Due to the short light pulse, most motion of high-velocity fuel spray is frozen and high timing accuracy is achieved.
The measurements are controlled by a computer, which is also used for data acquisition. The resolution of camera
is 2048x2048 pixels (four megapixels) with dynamic range of 12 bit (4096 different levels of grey). The optic is
Nikon Micro-Nikkor 105mm teleobjective with 25 mm extension tube. The area of view is approximately 36x36
mm and dimensions of pixel are approximately 17.7x17.7 µm.

The test chamber is imitating physical conditions of diesel engines. However, fuel sprays are non-evaporative
and ambient gas density is constant 36 kg/m3 in the test chamber. Injection pressures are 450 bar and 1000
bar. Maximum variance of injection pressure in common rail is ±25 bar and maximum variance of ambient gas
density is ±0.15 kg/m3. Ambient gas temperature is 20 − 25 ◦C when density of ambient gas is kept constant
by varying ambient pressure. The pressurizing gas, nitrogen (N2), is flowed continuous through the chamber to
ensure that chamber is clear of diesel mist before next injection. The injector is solenoid operated common rail
injector. Nozzle orifice diameter is 0.133 mm. The nozzles of this size are commonly used at off-road diesel
engine vehicles. The cone angle is 149 degrees. The images are captured 2.500 ms after electric start of injection
when injection pressure is 450 bar and 1.830 ms when injection pressure is 1000 bar. Some delay from the electric
injection signal to fuel jet exit from the nozzle orifice is occurred. This is mainly due to solenoid operation, needle
inertia and fluid inertia. Injected fuel is European standard diesel EN590. Density of fuel is 837.3 kg/m3 (15 ◦C).
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Proper Orthogonal Decomposition
POD is first introduced in the field of Computational Fluid Dynamics (CFD) by Lumley [6]. POD is known by

various names like Karhunen-Loeve Decomposition (KLD), Principle Componant Analysis (PCA), and Singular
Value Decompostion (SVD). It has diversified applications in many fields [7]. This method aims at representing
the snapshots (spray images) in terms of orthogonal modes which correspond to the energetic, coherent flow
structures. Hence, POD may be used to extract certain derterministic features from turbulent data. POD theory is
best described by Chatterjee in [8]. The present day analysis uses method of snapshots introduced by Sirovich [10].
This method is introduced to reduce the POD computations and nowadays this method has become extremely
popular [9] [11] [12]. To compute the POD using the original method requires solving n× n eigenvalue problem,
where n is the total number of pixels in a snapshot. The main problem is the calculation of the auto-covariance
matrix C. Method of snapshots proposes that the auto-covariance matrix can be approximated by a summation of
’snapshots’. Here U is fluctuating intensity matrix.

Cij =
1

M

M∑
n=1

Un
i U

n
j (1)

Implementation of POD
First, the snapshot matrix S is constructed as a part of the POD implementation. Let Pi be the ith spray image
whose size is m×n. This image Pi is converted to mn×1 column vector. Therefore, resulting in the construction
of a snapshot matrix S of size mn×N for N spray images.
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The fluctuating intensity matrix U is calculated by substracting the average pixel intensities Ŝ from the snapshot
matrix S,

U = S − Ŝ. (3)

The auto-covariance matrix is computed as

C = UTU. (4)

An eigenvalue problem for the auto-covariance matrix is then solved

CAi = λiAi. (5)

The eigenvectors are arranged according to the decreasing order of eigenvalues. This ordering is physically mean-
ingful because, it reflects the fluctuating energies in the POD modes

λ1 > λ2 > λ3 > λ4 > · · ·λN = 0. (6)

The relative energies in the eigenvalues are computed as

Ξi =
λi∑N
i=1 λi

. (7)

Using the ordered eigenvectors the POD modes are constructed

φi =

∑N
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nU

n

‖
∑N

n=1A
i
nU

n‖
, i = 1, 2, · · · , N. (8)

POD coefficients are then found projecting the mean centered snapshot matrix onto the POD modes. Each snapshot
can be expanded in a series of the POD modes with the expansion coefficients ai for each mode i

an = ΨTun. (9)

Here Ψ = [φ1φ2 · · ·φN ] has been introduced. The expansion of the fluctuating part of the snapshot n is

un =

N∑
i=1

ani φ
i = Ψan (10)
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Figure 3. Comparison of random spray snapshots for pressure = 450 bar (left) and pressure = 1000 bar (right).

Figure 4. Comparison of POD mode 2 for ensembles 150, 200, 250, 300, 350, 400 corresponding to pressure =
450 bar.

Results and Discussion
A total of 400 spray images are taken for each injection pressures corresponsing to 450 bar and 1000 bar.

Figure 3 shows the random spray images for the two injection pressure cases investigated. But only 300 images
are analysed with POD considering sensitivity analysis.

Sensitivity Analysis
The sensitivity analysis in this paper reveals that, POD analysis is independent of number of images for con-

sidered ensembles. The considered ensembles are of 150, 200, 250, 300, 350, and 400 spray images for each
injection pressure case. Figure 4 shows POD mode 2 for injection pressure 450 bar for the different emsembles. It
is observed that POD mode 2 for injection pressure 450 bar is qualitatively similar for all ensembles revealing the
spray penetration. Figure 5 shows the relative energies for both the pressure cases investigated through sensitivity
analysis. Here energy refers to Pixel Intensity Fluctuations (PIF).

For 450 bar pressure case, the energies in the first mode of the ensembles are 55% to 65% and energies from
mode 2-10 are around 2% to 3%. For 1000 bar pressure case, the energies in the first mode of the ensembles are
37% to 70% and energies from mode 2-10 are around 2% to 6%. Energy in the eigenvalues depends on the number
of snapshots used. Qualitatively the POD modes do not change with respect to number of snapshots used, but the
energy fraction do changes. Considering the relative energies, ensemble 300 has a average relative energy fraction
compared to other ensembles. Hence ensemble 300 is choosen for this analysis.
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Figure 5. Comparison of energies in POD modes for different ensembles corresponding to pressure = 450 bar
(left) and pressure = 1000 bar (right).

Figure 6. Comparison of cumulative energies of each mode, for pressure = 450 bar and pressure = 1000 bar.

POD Modes
Figure 6 shows the cumulative energies for the pressure cases investigated. 450 bar pressure clearly has more

energy when compared to 1000 bar pressure. Only 80 modes are required to capture the 90% of Total Intensity
Fluctuations (TIF) for 450 bar injection pressure, where as 100 modes are required to capture 90% of the TIF in
the case of 1000 bar injection pressure. The presence of high energy is related to the presence of large scaled
structures. These large scaled structures in the POD modes reveal poor mixing. Figure 6, possibly indicates, as the
pressure increases, the energy decreases. Hence, decrease in the energy or PIF realize small scale structures. These
small scale structures indicate a good mixing proportions in the spray. In other words, as the pressure increases,
mixing might get better.

Figure 7 shows the comparison of POD modes for 450 bar pressure (top) and pressure = 1000 bar (bottom).
POD mode 1 captures most of the PIF from the spray images and provides extra information over an average
image. POD mode 1 shows that, the width and height of the spray for 1000 bar injection pressure is greater than
450 bar injection pressure. It carries 56% of the TIF for injection pressure 450 bar and 37% of the TIF for injection
pressure 1000 bar. POD mode 2 reveals a coherent structure with greater intensity fluctuations near the tip region
of the spray for both the injection pressures. This phenomenon is due to the spray to spray variations. A tilt in
the tip penetration is observed for 1000 bar injection pressure. This possibly indicates a swirl caused in the spray.
This swirling structure in the case of 1000 bar injection pressure is captured in POD mode 7. POD mode 2 carries
3% of the TIF for the injection pressure corresponding to 450 bar and 6% of the TIF for the injection pressure
corresponding to 1000 bar.

A pair of large scale coherent structures at the tip region are captured in POD mode 3 for both the injection
pressures, indicating the spray vortices. Another pair of large scale structures could be observed for 450 bar
injection pressure, carrying 2% of the TIF, indicating the presence of Kelvin-Helmholtz instabilies. POD mode 3
carries 3% of the TIF for injection pressure 1000 bar. POD Mode 4 carries 2% and 3% of the TIF for injection
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Figure 7. Comparison of POD modes for pressure = 450 bar (top) and pressure = 1000 bar (bottom).

pressure 450 bar and 1000 bar respectively. It reveals tip of the spray, a complementary structure to POD mode 2.
POD Mode 5 carries 2% and 3% of the TIF for injection pressures 450 bar and 1000 bar respectively and reveals
the formation of the spray vortices, a complementary structure to POD mode 3.

POD Coefficients

Figure 8. Scatter plot of the POD coefficients for pressure = 450 bar.

POD coefficients are found projecting the mean centered snapshot matrix onto the POD modes. It reveals the
inter-connection among the POD modes. Each snapshot can be expanded in a series of the POD modes with the
expansion coefficients ai for each mode i. Figure 8 is the scatterplot of the POD coefficients for POD mode 2 and
POD mode 3, showing the relationship between these modes.

• The modes are either symmetric (ring type structures) or anti-symmetric (helical structures) and located in
the shear-layer.

• These modes are usually ordered by pair, so plotting a2 vs a3 gives a circle or similarly a2 vs a4 would give
a 8, if a2 is an harmonic of a4.
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The scatter plot realizes mainly two type of distributions namely, circle (0) or eight (8). The circular distribu-
tion reveals a strong connection between the POD modes [11]. In the Figure 8, most of the distribution is pertained
to radius 1, from center (a2,a3) = (0,0).

Figure 9. Comparison of first 4 POD mode coefficients for pressure = 450 bar.

The Probability Density Function (PDF) shows certain aspects of the spray structure in Figure 9, which could
be speculated as follows: 1) POD mode 1 shows a bimodal distribution possibly indicating the presence of both
helical and columnar features instabilities. 2) POD mode 2 and POD mode 3 realize a Gaussian distribution
possibly indicating a neutral mode. Hence, the scatterplot of POD coefficients for POD mode 2 and POD mode 3
reveal a circular distribution in Figure 8. 3) POD mode 4 shows a right skewed distribution, possibly indicating the
transition in the spray and shift in between the instabilities. Furthermore, it has been found in [13] that PDF’s may
provide dynamic information on interaction between two modes. For example, Meyer et. al in [11], found that
a circular distribution between two POD mode coefficients reveals a strong connection between the POD modes.
In our present studies we have not yet found such interactions in a very clear way. For example, in Figure 8
the interaction between POD mode 2 and POD mode 3 looks rather trivial implying that the modes are actually
uncorrelated. However, these aspects certainly deserve further attention and the deeper analysis of the PDF’s is left
to our future studies.

Summary and Conclusions
Cross sectional fuel spray images for injection pressures corresponding to 450 bar and 1000 bar is investigated

using POD analysis. These spray images are decomposed into set of orthogonal basis functions using POD, called
POD modes. These POD modes are the optimal decomposition for the flow and capture large scale structures
thereby providing information on the large scale behaviour. The presence of high TIF is related to the presence
of large scaled structures captured in the POD modes. These large scaled structures in the POD modes reveal
poor mixing. With the increase in the injection pressure, the TIF is found decreasing. Hence, decrease in the TIF
realize small scaled structures. These small scale structures indicate a good mixing proportions in the spray. In
other words, as the pressure increases, mixing gets better. Generally 90% of the TIF is used and the average flow
field is described in the first few POD modes. The inter-connections among the POD modes is studied using POD
coefficients. The power of PODs fast convergence allows for the large scale structures to be isolated from the
small scale structures in the turbulence. This would help in analysing the flow field in different ways. The ability
to maximize the TIF of the flow with a miminal number of modes shows PODs strength in the analysis of the
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coherent flow structures and reduced order modelling.
A characteristic feature of the studied sprays is that it is rather hard to say anything quantitative from the

individual spray snapshots. From the snapshots, it actually seems that the spatial distribution of the droplets is
rather uniform. Yet, with POD, certain coherent structures from the spatial spray distribution were clearly re-
vealed. In particular, this study established a solid link between the injection pressure and POD energy spectrum.
Furthermore, our preliminary studies have in general implied that with basic image processing techniques (filter-
ing, thresholding etc) certain structural aspects on droplet-vortex interaction can be better highlighted from the
snapshots. Due to the promising results of the present study, our near-future studies will strongly involve gaining
deeper understanding on the effect of injection pressure to mixture quality and droplet-turbulence interactions.
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