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ABSTRACT

A probability density function (PDF) method is extended to turbulent spray flows. The PDF transport equation of
the gas-phase mixture fraction for turbulent spray flows is deduced, modeled and solved. The numerical results of
the methanol vapor mass fraction for a non-reacting spray, which are obtained using the PDF method, are in good
agreement with experimental data and improve the ones from the moment closure method. Furthermore, the
shapes of the probability density function of the mixture fraction at different positions, which are computed by
Monte-Carlo method, are presented and analyzed. It appears that the spray source changes the value of the mean
mixture fraction, but it does not change the shape of its PDF. A comparison of the Monte-Carlo PDF with the
standard 8 PDF shows the standard  function to fail to describe the shape of the PDF. With the definition of
appropriate local maximum and minimum values of the mixture fraction, a modified formulation of the 8 PDF is
suitable to reflect the shape of the Monte-Carlo PDF very well.

1. INTRODUCTION

Turbulent spray flows are frequently encountered in industrial processes such as internal engine combustion, gas-turbine
combustors, liquid-fueled furnaces, and aircraft propulsion. Their numerical prediction is valuable for both theoretical studies and
engineering purposes. When chemical reactions are involved in the turbulence, the computational cost becomes very high because
of the high degree of freedom of the system of governing equations. For 3D flows with N chemical species, the degree of freedom
is N+4. With the flamelet model [1] where the mixture fraction and its variance are used to compute the chemical composition of
the gas phase, the degree of freedom is reduced to seven. Moreover, the stiffness problem in computation of chemical reaction is
also avoided. The flamelet model is widely used in turbulent gas diffusion flames [2,3]. Hollmann et al. [4,5] extended it to
turbulent spray evaporation and combustion systems.

In the flamelet model the mixture fraction’s statistical distribution usually is described by a two-parameter 3 function[1-5].
The f3 function gives good numerical results for gas-phase flows. However, results from direct numerical simulations (DNS) show
that it fails in the evaporation region of the gas-liquid flow [6]. The distribution of the mixture fraction does not follow the f PDF
in regions where vaporization exists. Therefore, the assumed 8 PDF should be assessed before being used in the turbulent spray
flows. In the present work, the transport equation of the PDF (noted as PDF method in the remainder of the paper) is used to exert
the statistical distribution of the mixture fraction in the turbulent spray flow. The PDF method is a powerful tool to simulate the
turbulent flows [7]. It treats the term for convection, mean pressure gradient, source (including the chemical reaction and the
vaporization source terms) exactly whereas the molecular diffusion term and the fluctuating pressure gradient term need modeling.
Advantages of the method are that all moments of the variables can be determined. Moreover, the Lagrangian PDF takes full
account of long memory of turbulence. The computational cost of the PDF method compared to direct numerical simulations is
considerably lower.

The PDF method was introduced by Lundgren [8] for the turbulent velocity field and by Dopazo et al. [9] for the gas
composition. It became very popular since Pope’s work [7]. In the past 10 years, the PDF method was extended to simulate multi-
phase flows. Raju [10] and Taut et al. [11] describe the gas phase in turbulent two-phase flows with the PDF transport equation.
Zhu et al. [12] and Rumberg et al. [13] deduced and solved the joint PDF transport equation of all liquid-phase and gas-phase
dependent variables. Liu et al. [14] deduced and solved the joint PDF transport equation of the properties of droplets and gas
eddies seen by droplets.

The objective of the present work is the analysis of the statistical distribution of the gas-phase mixture fraction in turbulent
spray flows. The PDF method is implemented to simulate the gas phase in turbulent spray flows. The PDF transport equation of
the mixture fraction in turbulent spray flows is deduced and solved. In the next section, the governing equations and models are
presented. In section 3, the numerical method is described in detail. In section 4, the numerical results of PDF method are
compared with experimental data [15] and results from moment closure method [4,5]. The PDF of mixture fraction computed by
Monte-Carlo method is compared with assumed standard § PDF and modified 3 PDF. Finally, the paper concludes with an
assessment of the current PDF method and presumed PDF of a scalar in the turbulent spray flow.
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2. MATHEMATICAL MODEL

The one-point one-time Eulerian, Favre-averaged probability density function f(@(:;;c',t) of the mixture fraction is defined as

FEsx,0=pC)NE. -E)NKp). (1)

According to the transport equation of the instantaneous mixture fraction in a turbulent spray flow,
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the PDF transport equation of mixture fraction ]7' is deduced following the way suggested by Pope [7]:
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Here S}, = ﬁx/ p denotes the averaged source term due to droplet evaporation. U= Uj + U, denotes the instantaneous gas velocity

in j-direction. The terms on the left-hand side in Eq. (3) can be solved exactly. The term on the right-hand side representing the
transport in mixture fraction space by molecular fluxes, needs to be modeled. Here the simplest model, the Interaction-by-
Exchange-with-the-Mean (IEM) model [7], is used to account the effects of molecular diffusion. The evolution equation of
particles’ mixture fraction is written as

dE() 18

For the closure of the PDF transport equations, the conservation equations of gas flow including the extended k — & model [17]
are solved. Considering a steady, two-dimensional, axi-symmetric, turbulent liquid jet with no swirl, the Favre-averaged governing
equations of a gas flow can be written as
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The conservation variables @ and source terms of the gas phase ZgM) and the liquid phase Zsprm'(i) are described in detail in [4].
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The spray is represented by a finite number of droplet parcels. Each parcel contains a number of droplets with the same
location, size, velocity and temperature [4]. Assuming a dilute spray, droplet-droplet interaction is neglected. Only drag force and
gravity are considered. The effect of gas-phase turbulence on droplet velocities is modeled using the stochastic-separated-flow
(SSF) model [16]. The instantaneous gas velocity is computed by a Monte-Carlo method. The distribution of the velocity
fluctuating is assumed to be a Gaussian distribution [4]. The droplet heating for methanol at atmospheric pressure is modeled using
the infinite-conductivity model. This model is appropriate for the small droplet size and the fuel methanol with its relatively high
volatility at atmospheric pressure. The Abramzon-Sirignano model [17] is used to calculate the evaporation rate of droplets in a
convective flow field. The properties in the gas film surrounding the droplet are determined according to the 1/3 rule [18].

3. NUMERICAL METHOD

A finite-volume method based on SIMPLE algorithm is used to solve Eqgs. (5). It provides the mean variables that appear in
the evolution equations of droplets and gas particles. The Lagrangian particle method is employed to determine droplets’ position,
velocity, temperature, and size. The source terms due to spray evaporation are fed back to the finite-volume method code and gas-
phase Monte-Carlo code using the Particle-Source-In-Cell model [4]. The PDF transport equation of the mixture fraction is solved
by a Lagrangian Monte-Carlo method. The one-point PDF is represented by a finite number of gas particles. Each gas particle has

a set of properties {m*,y,gj}. The gas particle with the coordinate x” evolves according to
dx" (1)

dt
The fluctuating velocity ' is determined from the turbulent kinetic energy using the Monte-Carlo method. The mixture fraction of

—U(x () +u (x (1), (6)

gas particles evolves according to Eq. (4). The Favre-averaged mean variables U, k, and € appearing in Eq. (4) and Egs. (6-9),
are computed by the finite-volume scheme and then they are linearly interpolated to the particle/droplet's position. The value of é(:
in Eq. (4) is determined using the cloud-in-cell method [19]. A second-order algorithm [19] is used to solve Eq. (6). At each time
step, new gas particles are supplied at the inlet. At the solid wall boundary as well as the axis of symmetry the particles are
reflected. If particles move out of computational domain, they are discarded. To reduce the statistical error in the result of Monte-
Carlo method, a time-averaging scheme is implemented [19].

4. RESULTS AND DISCUSSION

A steady, two-dimensional, axi-symmetric, non-reactive turbulent liquid jet without swirl is modeled. A dilute methanol
spray is injected into turbulent air. Experiments were performed by McDonell and Samuelsen [15]. The geometry of the fuel
injector is found in [15]. We mark the section of the fuel injector's exit as x = Omm. The gas and droplet velocities, droplet size
distribution, liquid flux and concentration of methanol vapor are measured at the axial location x = 7.5mm, 25mm, 50mm, 100mm.
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Figure 1 shows the contour plot of the Favre-
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to evaluate the probability density functions discussed in

Fig. 1: Contour plot of the methanol vapor mass fraction. Figs. (3)-(7).

Positions show the points where the PDF is studied.

The major vaporization occurs near the nozzle where the differences of temperature, velocity between droplets and gas flow are
relatively large. The most methanol vapor is transported along the axis of symmetry by the jet while the rest develops into radial
direction. Further downstream, vaporization becomes weak.

Experimental data for the methanol vapor mass fraction as well as the axial gas velocity are available at the axial positions of
x =25 mm, 50 mm, 75 mm, 100 mm, and 150 mm. Figure 2 shows the mean profiles at the first two positions where the
experiments [15] are compared to results from the moment closure method [4,5] and PDF method. The results of PDF method are
in good agreement with experimental data, and they improve the ones obtained by moment closure method in the initial region. In
the moment closure method, the mixture fraction is calculated by solving the Favre-averaged conservation equation. The effects of
turbulent transport are modeled by introducing a kinematic eddy viscosity y, = Cu/€2 /€. In the PDF transport equation, the effects

of turbulent transport are taken into account through a Monte-Carlo method, which improves the physical mechanism. The
deviation of the results of the PDF method is mainly due to the k-& model used in finite-volume code. The k-¢ model under-predicts
the periodic fluctuation of the gas velocity. Consequently, the moment exchange in the lateral direction is under-predicted, and the
spreading rate of the jet is over-predicted. As a result in velocity field, the axial velocity at the axis of symmetry is under-predicted,
especially in the region close to nozzle (see Fig. 2 left). This implies that the methanol vapor transported to the axis of symmetry is
under-predicted. The droplets presenting at the axis of symmetry are also under-predicted. Both of these two effects result in the

under-prediction of the mass fraction of methanol vapor near the axis of symmetry. Therefore, the results of the PDF method could
be improved if the velocity field was more accurate.
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Fig. 2: Mean profiles of the Favre-averaged axial gas velocity, U, and the fuel vapor mass fraction, Y, at an axial position of x =

25 mm (left) and x = 50 mm (right) obtained by the Monte-Carlo (MC) and the moment closure (FV) methods,
respectively, and from experiment (exp).

Figures 3-4 show the probability density function of mixture fraction at different positions, which are marked in Fig. 1. Along
the axial line, all of the PDFs show a bimodal shape (see Fig. 3). The variance of mixture fraction becomes smaller along the axial
line. The fluctuation of the scalar is larger at the upstream because of stronger turbulent fluctuation there. As a result, the left peak
gets weaker at the downstream (see Fig. 3 position C and D). When the local fluctuation is small enough, the PDF will have a
Gaussian-like shape. It will become a delta function when the variance is close to zero. Along the radial line (see Fig. 4), the
positions A, F, G are located in the region of the main vaporization zone, weak vaporization and pure air. The fluctuation of
mixture fraction is weaker in the outside region than in the inner region. The variance of mixture fraction along the radial line
decreases with increasing radial distance r. As a consequence, the PDF of the mixture fraction evolves from bimodal to unimodal,
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Fig. 3: PDFs of the mixture fraction, positions at central line; dashed lines indicate the case with spray source term set to zero.
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Fig. 4: PDFs of the mixture fraction, radial line.

and to a delta function in the region of pure air (position G).
The value of the PDF at G extends to a very high value to
satisfy the normalization condition of the PDF, and it is cut
off in the figure.

To assess the effect of spray source on the PDF of
mixture fraction, the same calculation is performed where the
spray source is set to zero. All other flow characteristics
including density, velocity, turbulent kinetic energy and its
dissipation rate, are kept the same. The PDFs along the
central line indicated by dash-line is presented in Fig. 3.
Compared to the case with spray source (solid line in Fig. 3),
the principal shape of PDFs does not change. The mean
value of mixture fraction is reduced. According to Eq. (4),
the difference of the mean mixture fraction is
AEC = _(2/C¢)(];/§)§S compared to the case with spray

source.

Figures. 5-7 show the comparison of the assumed PDF and the PDF computed by the Monte-Carlo method (solid lines). The
assumed PDFs used here are the standard 8 PDF (3, in the figures)

PE) =
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F(a)F(ﬁ)EC( £
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and the following suggested modified 8 PDF (f, in the figures)
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The symbol {,—‘C in the figures indicates the position of
the mean value of mixture fraction computed by the
Monte-Carlo method. The values of &, . and &, ,,;, are
indicated on the axis of mixture fraction by arrows in
Figs. 5-7 . With the mean and the variance of mixture
_____ fraction computed by the Monte-Carlo method, the
standard f PDF (c.f.Eq. (11)) can be determined.
However, the standard 8 PDF always shows
Gaussian-like (unimodal) distribution for the
conditions of the current flow field as shown in the
figures. This shape does not represent the computed
~ Monte-Carlo PDF, in particular when the PDF of
&c mixture fraction shows a bimodal shape (see Figs. 5
and 6). With the same mean and variance of mixture
fraction from Monte-Carlo method, and local
maximum and minimum values of mixture fraction
& nacand &, .. the modified § PDF (c.f. Eq. (12)) can
be determined. With appropriate values of &, ,,, and
&, in» the modified § PDF represents the computed
Monte-Carlo PDF very well. Even when the computed
PDF shows a Gaussian-like shape (see Fig. 7), the
Fig. 5: Comparison of standard (1) and modified (2)  PDF modified § PDF still performs very well. It should be
computed with the Monte-Carlo method (MC), Position mentioned that the standard 8 PDF is a special form of
H. The positions of &, and §,, are used in the the modified § PDF with &, .= 1 and &,,,,=0.
modified § PDF.
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The predictive ability of the standard $ PDF in turbulent spray flow mainly depends on the value of (1-&,,,,) and (&.,;,-0). In the
current situation, these deviations are quite large. Assuming that the spray stream has reached the saturation, the maximum mass
fraction of methanol vapor at the droplet surface is roughly 0.1. The corresponding mixture fraction is 0.1 which is considerably
smaller than unity. Therefore, the standard  PDF is far away from the Monte-Carlo PDF. When the value of the local &, and
&, .in are close enough to unity and zero, respectively, the standard § PDF is reasonable to give good estimations to the Monte-
Carlo PDF of the mixture fraction.
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Fig. 6: Comparison of standard (1) and modified (2) S Fig. 7: Comparison of standard (1) and modified (2) f PDF
PDF computed with the Monte-Carlo method computed with the Monte-Carlo method (MC), Position
(MC), Position H. The positions of &, and &, H. The positions of &, and §,, are used in the
are used in the modified 8 PDF. modified § PDF.



19th Annual Meeting of the Institute for Liquid Atomization and Spray Systems (Europe)
Nottingham, 6-8 September 2004

5. CONCLUSIONS

In the present work, the PDF (Probability Density Function) method is used to model a steady, 2D, axi-symmetric, turbulent
methanol/air spray flow without swirl. The PDF transport equation is formulated and then solved by a hybrid finite-volume method
and a Lagrangian Monte-Carlo method. The numerical results of the PDF method are in a good agreement with experimental data.
The comparison shows the PDF method to improve the results computed by moment closure method. It is demonstrated that the
PDF method is suitable to predict the characteristics of turbulent spray flows with some under-prediction concerning the methanol
vapor fraction in radial direction further downstream.

The PDF of mixture fraction at different position in turbulent spray flow is presented. It is found that the spray source only
changes the mean of the mixture fraction, but it does not change the principal shape of the PDF of mixture fraction. The PDF of
mixture fraction computed by Monte-Carlo method is compared with the presumed 8 PDF. The standard 8 PDF fails to describe
the Monte-Carlo PDF. With appropriate local maximum and minimum values of mixture fraction, a modified 8 PDF represents the
results of the computed PDF very well.

In the future work, the turbulent reactive spray flows will be investigated.
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