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Abstract 

 

This work presents an implementation and evaluation of the Σ-Y atomization model for Diesel spray CFD 

simulations. The Σ-Y model, originally proposed by Vallet and Borghi, is based on an Eulerian representation of 

the spray atomization and dispersion by means of a single-fluid variable density turbulent flow within a RANS 

framework. A finite-volume solver for model equations has been written using the OpenFOAM CFD open-

source C++ library. Model predictions have been compared to experimental data from free Diesel sprays under 

non-vaporizing conditions. High-speed imaging and PDPA measurements have been used in order to evaluate 

model predictions. The model set-up study indicates that accurate predictions of spray penetration, as well as 

axial and radial velocity profiles, can be simultaneously achieved. Further parametric studies indicate that the Σ-

Y model approach remains valid for a wide range of injection pressure and ambient density conditions typical of 

Diesel engine operation. Model accuracy is worse for low ambient density and injection pressure conditions. It is 

proposed that under these particular conditions, the slip between phases becomes more significant and the single 

velocity field assumption is less appropriate. 

 

 

Introduction  

The fuel injection process and subsequent fuel-air mixing formation play a major role in combustion and 

pollutant formation in Diesel engines. Therefore, an accurate prediction of these processes is required in order to 

produce reliable engine performance and emissions predictions. Diesel spray modelling is still a challenging task 

due to the complex interrelated phenomena involved; some of them, such as primary atomization or nozzle cavi-

tation, are not fully understood. 

The discrete droplet method (DDM) [1] has been widely employed for Diesel spray modeling on practical 

design applications for more than thirty years. This method applies a Lagrangian description for the liquid spray, 

which presents some well known drawbacks for dense two-phase flow modeling. Some basic hypotheses, such 

as low liquid volume fraction or homogeneously distributed parcels in the computational cells, are not valid in 

the near nozzle flow of Diesel sprays. In order to assure numerical stability and reasonable computational cost, it 

is often necessary to use grid sizes larger than the orifice diameter and then flow structures are not adequately 

resolved [2][3]. Moreover, the validity of isolated drop based models in this region with strong interaction be-

tween phases is hardly justified. Those issues usually require a ‘best-practice’ approach when using this method 

[4][5].  

The so-called Σ-Y atomization model, initially proposed by Vallet and Borghi [6], has emerged as an alter-

native to the DDM for Diesel spray simulations [7][8][9][10][11]. This model is based in an Eulerian approach, 

which is more suitable for the description of the primary atomization occurring at the near field of Diesel sprays. 

The extent of the atomization process is computed from an interface surface density equation, and then it is not 

required to presume any particular shape for liquid fragments. Furthermore, this is a natural approach for includ-

ing nozzle geometry flow effects on spray calculations [12]  

In this work, an implementation of the Σ-Y model within the OpenFOAM [13] CFD framework is presented. 

The aim of the paper is to evaluate its application to Diesel spray modelling by comparing with experimental 

data. Those data were obtained on specific rigs for spray characterization, including both global and local pa-

rameters, such as tip penetration and droplet velocity, on a wide range of ambient and injection conditions. 
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Model description 

The Σ-Y model treats the liquid/gas mixture as a pseudo-fluid with a single velocity field. Under the as-

sumption that the flow exiting the injector is operating at large Reynolds and Weber numbers, it is possible to 

assume a separation of the large scale flow features such as mass transport from the atomization process occur-

ring at smaller scales. This allows the direct simulation of the large scale bulk transport of the liquid while unre-

solved turbulent transport is modelled using standard closures such as those used in Reynolds-averaged turbu-

lence models.  

To track the dispersion of the liquid phase an indicator function is used, taking a value of unity in the liquid 

phase and zero in the gas phase. The mean liquid volume fraction is denoted Y  and the mean mass averaged 

fraction is defined as 
ρ

ρY
Y 
~ . The transport equation for the liquid mass fraction is then given by 
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where u' denotes the density weighted turbulent fluctuations in velocity and Y' denotes turbulent fluctuations 

in volume fraction. The turbulent diffusion liquid flux captures the effect of the relative velocity between the two 

phases. While the approach used here assumes that the resolved momentum of the liquid/gas mixtures can be 

characterized by a single bulk velocity, the slip velocity can be defined as [14] 
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Under the assumption that the two phases form an immiscible mixture, the mass-averaged value of the indi-

cator function is related to the density by 
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An equation of state is then assigned to each phase. The gas phase obeys an ideal gas law, while the liquid 

phase is treated with a linear compressibility lψ  
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where ρl,o and po denote reference density and pressures, respectively, about which the equation of state is lin-

earized. To finally close the above system of equations the temperature is obtained from a bulk mixture enthalpy 

equation and closures must be given for the terms resulting from Reynolds averaging. The closure in the liquid 

mass transport equation is assigned using a standard turbulent gradient flux model 
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and the closure corresponding to the Reynolds stresses in the momentum equation is given by a modified k-ε 

model that accounts for the additional production caused by density fluctuations 
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The averaged velocity fluctuations in Eqs. (7) and (8) is obtained as following [7], 
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The solution of the above equations fully characterizes the large-scale bulk motion of the flow. Several other 

options exist for obtaining closure in the above system of equations (see for example the discussion in [14] and 

[15]).  

The small scale atomization is modelled by solving a transport equation for the evolution of the density of 

interphase surface area Σ originally proposed by Vallet and Borghi [6]. The evolution equation is given by 
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where DΣ is a suitable diffusion coefficient usually taken as the turbulent viscosity t over a Schmidt number. 

The terms A and a are inverse times scales that define the rate at which surface area is produced. Specifically, the 

A term models the creation of surface area via the stretching of the interface by mean velocity gradients. Vallet’s 

original model takes this term to be proportional to the same time scale as that used in the production of kinetic 

energy in the traditional k-epsilon model. 

j

iji

x

u

k

uu
=A



 ~

0



        (12) 

The a term accounts for small-scale interface area production. Here there are several possibilities, but if it is 

assumed that the dominant mechanism is related to the collision and breakup of droplets, the inverse of droplet 

collision time scale may be used [7]. 
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Finally, the Vs term captures the effects of interface destruction by coalescence. It is determined by solving 

for the value of Vs that will provide an equilibrium value of eq set by a predicted equilibrium droplet radius. 
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Upon selection of a suitable req, the Vs, term is therefore given by 
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To fix the equilibrium radius, there are, again, several options but as in Vallet et al.[7] it is finally given by 
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Together with the mass averaged volume fraction, the interface surface area density can be used to calculate 

the local Sauter mean diameter of the spray. 
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The model was implemented using the OpenFOAM [13] library. The advantages of this library are that 

polyhedral mesh support and parallelism are intrinsically supported. The implementation details are described in 

Trask et al [15]  

 

Results and Discussion 

Experimental data 

The data for model evaluation were obtained from Diesel sprays generated by a single-hole axisymmetric 

nozzle, using a high-pressure common rail system, with injection pressures ranging between 30 and 130 MPa. 

The sprays are injected into a quiescent vessel where back pressure is modified at constant room temperature, so 

that ambient densities from 10 to 40 kg/m3 are obtained in a non-vaporizing environment.  

Concerning nozzle geometry characteristics, summarized in Table 1, the orifice is convergent with 0.112 

mm outlet diameter. This nozzle was hydro-eroded in order to round the edges of orifice inlet. Both geometric 

characteristics are aimed to prevent cavitation, as demonstrated by hydraulic characterization presented in [16].  

 

Do [mm] L/D [-] r/D [-] k-factor 

0.112 8.93 0.30 2.1 

Table 1 Nozzle geometrical characteristics. 
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Although the Σ -Y approach was primarily aimed to describe the spray dense region in the vicinity of the 

nozzle orifice, it is very difficult to obtain experimental results in this region [17]. Validation in the present work 

is mainly based on two experimental sources, namely spray visualization and PDPA. It is true that especially the 

second technique provides information mainly in more diluted region. However, given the experimental difficul-

ties previously mentioned in the near-nozzle region, a validation based on both techniques probably is also indic-

ative of the accuracy of the model to describe the global spray behavior. 

Spray macroscopic characteristics, namely penetration and cone angle, have been obtained by high-speed 

imaging. A detailed description of the experimental set-up and image acquisition methodology can be found in 

[18]. Regarding image processing, a validated methodology for segmentation was used [19]. The histogram dis-

tribution of digital level is obtained, a PDF is applied and a threshold value is statistically determined to obtain a 

binary image of the spray. Finally, connectivity algorithms are used to establish the spray contour, which makes 

geometrical measurements feasible. 

An additional source of spray data are the droplet size and velocity measurements from [20], performed at 

different axial sections located from 25 to 50 mm to the orifice. As described in [21], a specific optimization of 

the PDPA system has been performed in order to improve measurements at those conditions.  

Computational set-up 

In order to simulate the Diesel sprays, a 2-D axisymmetric computational domain with 80 x 25 mm extent in 

the axial and radial spray directions is considered. The mesh is structured with non-uniform grid resolution. 

There are 10 cells along the orifice diameter, keeping an aspect ratio close to one in the near nozzle region, as 

depicted in Figure 1. A mesh size convergence study was performed in order to achieve grid independent results. 

The grid used in the calculations comprises 450 x 80 cells, with cell expansion ratio of 1.01 and 1.06 in axial and 

radial directions, respectively. 

 

 
Figure 1 Computational grid. 

 

A Gamma NVD scheme is used for discretization of divergence terms and a first order Euler scheme is ap-

plied for time derivative terms. The inlet velocity boundary condition is obtained from mass flow rate and mo-

mentum flux measurements, applying a constant radial profile of axial velocity and density at nozzle outlet. The 

turbulent intensity was set to 5% and the length scale as 10% of nozzle diameter.  

Model set-up 

One of the Σ-Y model’s main assumptions is based on the calculation of spray dispersion from a variable 

density turbulent mixing flow, thus it is expected that turbulence modelling will have a strong effect on spray 

predictions. As previously described, a modified form of the k-ε model accounting for density variations is em-

ployed. Due to well known round jet spreading overprediction of k-ε type models [22], two different values for 

Cε1 constant were evaluated: the standard (1.44) and a corrected value for round jets (1.60). Though more refined 

expressions have been formulated for liquid turbulent flux closure [9], a gradient closure with Sct=0.9 is used for 

this term. Results presented by Lebas et al. [10][23] indicate that this formulation could be sufficiently accurate 

for high speed Diesel spray modelling. 

Initial simulations were run for the 80 MPa injection pressure and 40 kg/m3 ambient density conditions in 

order to evaluate the accuracy of the modelling approach. Results shown in Figure 2 indicate that good agree-

ment of spray penetration, and also centreline velocity, is obtained when using the corrected Cε1 value. A notice-

able underestimation is obtained when using the standard value. Moreover, the measured radial profiles of axial 

velocity can only be captured with the corrected Cε1, as depicted in Figure 3. It is also observed from this figure 

that self-similar velocities profiles are both obtained for measurements and calculations at those axial locations. 

These results indicate that both spray penetration and dispersion, which are related parameters, can be accurately 

predicted with the proposed model set-up. It is also noticeable that spray penetration is well predicted at initial 

stages but also far downstream of the primary atomization region.  
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The agreement between the model bulk velocity and the liquid measured one indicates very low slip be-

tween phases, at least for those conditions and measurement locations. This dynamic equilibrium also supports 

using a gradient closure for liquid turbulent flux, which provides very low slip velocities [9]. 

  
Figure 2 Spray tip penetration (left) and centerline axial velocity (right). 

 

  
Figure 3 Measure and predicted normalized radial profiles of axial velocity with CFD model using Cε1=1.6 

(left) and Cε1=1.44 (right) 

 

The next step on model set-up, after spray large-scale flow, is focused on the small-scale atomization charac-

teristics given by the interface surface density (Σ) and the droplet size derived from this variable. In this case, the 

Σ equation source and sink terms’ constants correspond to the values proposed in [14], but α2 is set to 2.5 in or-

der to provide fair agreement with measured SMD levels. Figure 4 shows the predicted spray SMD contours, 

where SMD decreases just downstream the liquid core and after that increases progressively with axial distance. 

As depicted in Figure 5, the measured SMD axial increase is smaller, especially for near-axis locations. The 

droplet average size increase for downstream locations, observed in this and other works [24][25] under non-

evaporative conditions, is attributed to droplet coalescence. This behaviour is also obtained in calculations due to 

the predominance of surface density sink terms on Eq. (11), probably caused by the increased equilibrium radius 

req with lower kinetic turbulent energy k. 

 
 

Figure 4 Calculated SMD contours. Figure 5 Measured and predicted SMD profiles. 
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Model evaluation 

The model set-up defined in previous section was further assessed by simulating a series of experiments 

with different ambient and injection conditions. The range of validity of the model was evaluated by running 

cases with lower ambient density (25 and 10 kg/m3) and increased (130 MPa) and decreased (30 MPa) injection 

pressures. 

As shown in Figure 6, the accuracy of spray penetration predictions for high and intermediate ambient densi-

ties are similar, though some differences in centreline velocity results can be observed for ρa=25 kg/m3 condi-

tions. It is clearly depicted that spray penetration is under-predicted for the lower ambient density and also cen-

terline velocities are lower than PDPA measurements. Velocity radial profiles from Figure 7 show reduced spray 

dispersion as ambient density decreases, but the narrower profiles for the lowest density case cannot be captured 

by the model. 

  

  

  
Figure 6 Spray penetration (left) and centerline axial velocity (right). 

 

Higher injection pressure does not modify the accuracy of spray characteristics predictions, and even good 

agreement on tip penetration is obtained for the lowest ambient density condition. Fair predictions are still found 

for Pinj= 300 bar and ambient densities of 40 and 25 kg/m3. Major discrepancies have been obtained for the low-

est density and injection pressure condition. In this case both Re and ambient to fuel density ratio are decreased, 

so this may have an effect on spray atomization regime [26] and compromise the validity of the model assump-

tions. The slip between phases in these conditions is more significant and then the addition of a Lagrangian 
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tracking for sparse spray regimes [8] or a detailed model for the diffusion flux term closure, such as suggested in 

[9], could provide better predictions.  

Figure 8 shows the predicted and measured SMD data at the same section as the velocity profiles from Fig-

ure 7. It is shown that SMD decreases with lower ambient density, probably due to lower coalescence after the 

primary atomization region [27]. This trend is captured by the model but the effect is overestimated. Concerning 

injection pressure effects, SMD increases for lower injection pressures, as expected, but also here the trend is 

overestimated compared to experimental data.  

 

  
Figure 7 Axial velocity radial profiles for Pinj=800 bar (left) and ρa=40 kg/m3 (right) at x=35 mm. 

 

  
Figure 8 SMD radial profiles for Pinj=800 bar (left) and ρa=40 kg/m3 (right) at x=35 mm. 

Summary and Conclusions 

A new, fully compressible implementation of the Σ-Y model has been applied to non-evaporating Diesel fuel 

injection. The test conditions, which cover a range of injection pressures and ambient gas densities, correspond 

to experiments run in a spray test rig. The calculations employed turbulence model settings that were previously 

suggested for round jets.  

The model validation covered rates of tip penetration, velocity and SMD profiles at varying axial and radial 

locations. The tip penetration rates and velocity predictions were in very good agreement with the experimental 

data under medium and high ambient gas density conditions. When the ambient gas density was low, agreement 

was not as good, suggesting that the model assumptions are being violated. One likely explanation is that that the 

higher degree of slip between velocities at low ambient gas densities invalidates the assumption that the two-

phases can be represented with a single velocity field. Under such conditions, transition to a Lagrangian formula-

tion in the sparse region of the spray would be more appropriate. The model suggested by Beau et al. [9] may 

also improve the predictions in such low ambient density conditions. 

The measured SMD were compared to the model predictions at several locations. For drop size predictions, 

the results of the model were only qualitatively correct. Though the model correctly predicted that drop size in-

creased with high ambient gas density and decreased with injection pressure, the degree of variation was not 

correctly predicted.   

The overall utility of the Σ-Y modelling approach is confirmed by the validation studies. The model is appli-

cable to ambient gas density conditions that are normally present in Diesel engines, but would be less accurate 

for very early injection conditions, such as those found in highly premixed combustion strategies. The model is 

not yet capable of predicting drop sizes over the range of conditions studied. Given the significance of drop size 

prediction, this is a likely area for future research. 
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