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Abstract
We analytically examine breakup and encapsulation phenomena of a viscous compound liquid jet which consists of
core and surrounding annular phases. Considering the non-Newtonian viscosity described by the Carreau model,
a set of reduced nonlinear jet equations is analytically derived by means of a long wave approximation. The equa-
tions are numerically solved when the jet is semi-infinite and sinusoidal disturbances are applied at a nozzle exit of
the jet. Typical breakup profiles are shown for the surface tension ratios, Reynolds and Weber numbers when the
liquid viscosity is pseudo-plastic, Newtonian and dilatant. It is found that the non-Newtonian effects are salient for
low Reynolds numbers when the surface tension ratio is not sufficiently small. Then, there is a tendency that the
jet breaks up through disintegration of the annular phase for the pseudo-plastic, while the breakup appears through
ballooning or closing of the annular phase for the Newtonian and dilatant, where the closing which leads to the
encapsulation is more dominant for the dilatant. It is also found that influence of the non-Newtonian viscosity
significantly appears near the breakup of the jet.

Introduction

A gas or liquid-cored annular jet is called a compound liquid jet and of great importance in various en-
gineering and industrial applications such as encapsulation techniques in foods, drugs and ink-jet printing sys-
tems [L, 2]. Breakup and encapsulation phenomena of the jet have been investigated experimentally and theoreti-
cally. Kendall B] observed for a gas-cored jet that a train of liquid shells is naturally produced and their formation
frequencies depend upon velocity ratios of the core to the annular phases. For a liquid-cored jet, Hertz and Herman-
rud [4] observed two different types of encapsulation depending upon the surface tension of the interface between
the core and annular phases.

On the other hand, using simplified nonlinear equations reduced by a long wave approximation, Yoshinaga
and Maeda 5] analytically examined the breakup behavior of an inviscid jet. Yoshin&pal§o showed that
natural shell formation frequencies observed in the experiment for the gas-cor@dyet fvell predicted by using
the most unstable frequencies of input disturbances which make the breakup time minimum. Later, Yoshinaga and
Yamamoto ] examined the viscous effects on the breakup of the jet. They found that the core phase is choked due
to the viscous effect at the pinching and followed by the ballooning of the annular phase in the upstream. Although
these results were obtained for small Reynolds numbers, the viscosity is assumed to be Newtonian. However, in
order to understand production of the capsules in the practical use of the liquids like polymer solutions, it becomes
important to examine the non-Newtonian effects on the breakup behavior. Then, since the viscosity departs from
the Newtonian when the deformation rate becomes large, it is expected the the non-Newtonian effects appear for
large deformation of the jet near the breakup.

In this paper, considering the non-Newtonian viscosity described by the Carreau Bjodetét of reduced
nonlinear jet equations is analytically derived by means of a long wave approximation. The breakup behavior and
encapsulation regime are numerically examined by using these equations for a semi-infinite jet when sinusoidal
disturbances are applied at a nozzle exit of the jet.

Formulation

Figurel shows the schematic of the jet in the r) axisymmetric coordinate system. Noting that the subscript
j = lis refereed to as the core phase or the inner interfacg an@ as the annular phase or the outer interface,
the velocity vectors are denoted by whose components afe;, v;), while the densities by;, the viscosities by
w1, the surface tensions of the interfacesshyand the pressures lpy. The surfaces are specifiedrat h;, while
the pressure of the surrounding ambient gais constant and the density is ignored. For convenience of the later
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Figure 1. Schematic of a viscous compound liquid jet.

analysis, the thickness of the annular phiaée h, — hy) and the radius of the mid-plane of the annular phase
(= (h2 + h1)/2) are introduced.
In the analysis, we assume that the core and annular phases are incompressible and the gravitational force is
ignored. The basic equations are then given by the continuity and momentum equations for the corg-phase (
0 <r < hy) and the annular phasg € 2, h; < r < hy) as follows:
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On the other hand, the boundary conditions are given as the kinematical conditions
oh oh oh
87;:@1—11,187;:1)2—11,28—;, u1=u20n7‘=h17 (4a)
oh oh
a—;:vg—uQa—; onr = ha, (4b)
and the dynamical conditions
p1 =p2 + (Dlnl) SNy — (Dgnl) ‘N1 + 01K and(Dlnl) -t = (Dgnl) A onr = hq, (53.)
P2 = p3 + (DQ’I’LQ) *No + 02k9 and(DQTLQ) -ty = 0 onr = h2. (5b)

In the above representations,
" — (—0h;/0z,1) (1,0h;/0%)
T L+ (0hy/02))1 2 [1 4 (0h;/02)%]"/2’

are, respectively, the normal and tangential vectors and

and t; =

20u;/0z (Ov;/0z + Ou;/Or)
Dj = p; ;
(Ov;/0z + Ou;/Or) 20v,/0r
are the viscous stress tensors, while the surface tensiegnsando, s act on the surfaces when the curvatures
are given as
1 _ 82hj/822
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The non-Newtonian viscosity is presented by the following Carreau méHel [

}mn@ -

pj = pojM; and - Mj = [1 + ()

wherey; are the apparent viscosities afidare the deformation rates which are given as the second invariant in
terms ofu; andv; in the following forms § = 1, 2):

_ 8’Uj 2 ’Uj 2 (9Uj 8’11,]' 2 8’U,j 2

%_\/2(5'7’> +2<7’) +<5‘z * 5‘7’) +2(3Z) ’
In the representations of), the time constant takes about 1 to 10 depending upon materials, while the power
low exponenin (> 0) takes less than 1 when the viscosity is pseudo-plastic and larger than 1 when dilatant and
unity when Newtonian.

The basic equations and the boundary conditions can be simplified by using the long wave approximation in
which sufficiently long waves are considered compared with the core radius and annular thickness. In the present
analysis, we introduce the approximation with different expansion parameters to the core and the annular phases.

Then, we assume the variables of the core phase to be expanded in terfhduefto the axisymmetry at= 0
while the annular phase in termswof R as follows:

ul_u10)+ru§2)+ D1 _P§O)+T2 (2)"‘"'7

Us :ug)+(r—R)uél)+(T—R)2ué2)+--- ,
vy = vém + (r— R)vél) + (r— R)2v£2) +oey (1)
=9 + (= R)py) + (r = RpY o

where the coefficients are functions ofindt. The jet equations are derived in a similar way to the Newtonian
viscous casef]. Using the above expansiong) (nto the basic equations and the boundary conditidi¢s) and

the representations of the viscosi§),(and neglecting the higher order terms th@h,) and O(b), we finally
obtain the following reduced equations f9rR, 1, us, v2 in the lowest order of the approximation (superscripts
on the variables have been omitted):
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together with the equation for, to connect the motions of the core and annular phases
o2 17)
A —— By Ay—— Py Azpr + Ay = 0. (8f)
072 0z
In the above representations,
P o= (s~ g (o =), AP = —(py —pg) + g (o1 + 2)
*2]91 b3 5Wh Ok1 — K2), = —\P1—DP3 Wbmil K2),

are, respectively, like a mean pressure and a pressure differepcaindps(=const.) when the surface tension is
taken into account. The above set of equations have been normalized in terms of a characteristi€lesggied
UOtime H/U and pressurg,U?, while the non-dimensional parameters of the Weber nuriiies= ngUQ/UQ,

the Reynolds numbeRe = pHU/u9, the density ratipp = p1/p2, the viscosity ration = p01/p02 and the
surface tension ratie = oy /04 are introduced based on the annular phase. We can show that the viscous terms
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fi; 6=1,2,3,j =1,2,---)in Egs.Bc) to (8€) are functions ob, R, ui, uz, v2, while the coefficients!; to A, in
(8f) are functions ob, R, u1, us, v2 including f;; andx; together withRe, 11, o andp. Consequently, the problem
can be reduced to solving the above simplified nonlinear equaiBahso((8f).
In particular, for an infinitely long jet on the steady state without any velocity difference between the core and
annular phases, we take the radii and flow velocities to be constant shgh-a8,0 ho = ho u; = ) = ug =
U200 91 = U2 = 0. Then, we can sef;; = 0 andAP = 0, from whichp; is found to be always larger thas due
to the surface tension

5 —pst [ L ()
PL=psty \R—b/2 T R+b/2)"

whereR = (hy + h3)/2,b = hy — hy.
Next we are going to numerically examine initial-boundary value problems for disturbances superimposed on
the above steady state, where the characteristic values are chddes as andU = us.

Numerical Results

Numerical calculations are carried out by means of the 4th order Runge-Kutta method for the time derivatives
and the finite difference method for the spatial derivatives, where the 3rd-order upwinding scheme is used for
the convective terms and the central difference method whose errorQ$£?) is used for the other spatial
derivatives. The numerical time and spatial grid size¢gsand Az are, respectively, taken to be 0.05 and 0.2 for
most of the calculations, for which sufficient numerical accuracy is retained with respect to the volumes of the
core and annular phases. We consider the initial-boundary value problems that the jet is in the steady state whose
pressure difference is given by E8).for 0 < z < co whent = 0, while the velocity disturbances

up — 1 =wug — 1 = psin(wt), (20)

are applied to the nozzle exit at= 0 for ¢ > 0. In the calculations, the amplitude of disturbancis taken to
be 0.005 and the domain region ofor the calculations is taken to be enough large comparing with the breakup
distancez, (in most of the caseg, =200 to 300).

In the analysis, we examine the breakup titpeand distance;, for various input frequency, where we
decide the breakup when the core radius or the annular thickness becomes sufficiently small to the extent of 0.001.
Resulting from this, we can determine the critical frequengieg/hich minimizet, for each parametef@b, Re,
ando. Such frequencies, are the most unstable input frequencies in the sense of nonlinearity and can well predict
the natural formation periods of capsulés [This is expected to be still valid in the preset case. In the following,
unless noted otherwise, we taje= 1, n = 1, 4, = @z = 1, h; = 0.485 andh, = 1 as the basic parameters
according to the experiment for the liquid-cored jet by Hertz and Hermadijud\[l of the presented results are
those atv, resulting from carrying out the calculations for various inpuitom 0.2 to 1.6 for each parameters. In
addition, we takex = 0.5 andn = 0.2 and 1.8 for the non-Newtonian viscosities, while= 1 for the Newtonian
viscosity in EQ.6).

First, we consider the weak viscous cas®of= 395 andWb = 47.9 whose values are of the experimedit [
Figure2 for sufficiently smallc = 0.1 shows that the jet breaks up like a single phase column jet where the core
phase pinches by closing the annular phase, which is expected to produce a train of liquid capsules. On the other
hand, Fig3 for largerc = 2.6 shows that the core phase becomes unstable to be pinched prior to the annular phase
because of larger surface tension ratio, which is expected to produce a train of core liquid drops in the sheath of
annular phase and delay the the annular phase instability. We note that these breakup profiles are closely similar
to the experimental resultd]l However, for different values aof , we cannot find any salient discrepancies not
only in the breakup profiles, but also in the breakup tignand distance; and the critical frequency,. among
(@), (b) and (c) in each Figgand3, where (a), = 85.90, z;, = 80.60, w. = 0.80, (b}, = 85.95, z, = 80.60,
w. = 0.80 and (c};, = 85.95, z;, = 80.60 andw,. = 0.78 in Fig.2, while (a); = 28.75, z;, = 25.80, w. = 1.35,
(b)t, = 28.75, 2z, = 25.80, w, = 1.35 and (c}, = 28.80, z, = 25.80, w. = 1.35 in Fig.3. This shows that the
non-Newtonian viscosity does not affect the breakup properties when the viscosity is weak ®darge

Next we consider the more viscous caseRef = 10. Figure4 for o = 0.1 shows that the non-Newtonian
viscosity does not still affect the breakup properties such as the breakup time and distance and critical frequency as
well as the breakup profiles among (a), (b) and (c), whetg (aR11.15, z;, = 200.80, w. = 0.50, (b)t;, = 205.50,
zp = 200.80, w. = 0.50 and (c};, = 205.55, z;, = 200.80 andw. = 0.50. We note that, andz;, increase and
decreases as the decreas®&ein comparison between Figjand Fig4. However, Figs for o = 2.6 andWb = 80
shows that the profiles are significantly different for differentn the Figure, we find that the jet shows the typical
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Figure 2. Breakup profiles for different wheno =
0.1, Re = 354 andWb = 47.9 ;(an = 0.2 (t, =
85.90, 2, = 80.60, w. = 0.80), (b)n = 1(t, = 85.95,
zp = 80.60, w. = 0.80) and (c) = 1.8 (t, = 85.95,
zp = 80.60, w. = 0.78).

Figure 3. Breakup profiles for different wheno =
2.6, Re = 354 andWb = 47.9;(an = 0.2 (t, =
28.75, zp = 25.80, w. = 1.35), (byn = 1 (t, = 28.75,
zp = 25.80, w. = 1.35) and (ch = 1.8 (t, = 28.80,
zp = 25.80, w, = 1.35).

three different breakups, that is, disintegration of the annular phase #00.2 and the large ballooned annular

phase whem = 1 and the closing of the annular phase with pinching the core phasemiehs8. In spite of the

fact that the breakup profiles and are different fom, there is little discrepancy in the breakup time and distance,
where (a), = 111.95, z, = 109.40, w, = 0.72, (b)ty = 122.20, 2, = 120.00, w. = 0.58 and (¢}, = 125.80,

zp = 120.60, w. = 0.40. This means that the deformations of the jet are accelerated rapidly only near the breakup.
As a result, the non-Newtonian viscosity may bring about these three types of breakup depending upon the values
of n whenRe is small andr is not sufficiently small.

Since the breakup due to closing of the core phase is preferable for encapsulation and the disintegration or
ballooning of the annular phase should be avoided for successful capsule producing, it is worth to reveal what
types of the breakup tend to appear in the parameter regidvbaindo. In Fig.6 we show the classification of
the breakup profiles in the parameter regionsifor 0.2, 1 and 1.8 wherRe = 10, where the symbol&l, o
ande denote that the breakup is caused by the disintegration, ballooning and closing, respectively, corresponding
to (a), (b) and (c) in Figh. We can find from Figh(a) for n = 0.2, the breakup is almost due to disintegration
except for smalb. On the other hand, from Fig(b) for n = 1 the parameter region of closing increases and
the region of disintegration is replaced by the ballooning, where the disintegration without ballooning is placed in
between the closing and ballooning in most of the cases, though the breakup by the ballooning is finally caused
by disintegration of the annular phase. However, we find ingf@y for n=1.8 that the region of the disintegration
disappears and the region of closing more increases. These characteristic breakup profiles forrd#fererthat
the breakup is often caused by disintegration when the viscosity decreases as the increase of the deformation rate
4 (n < 1), while the breakup is often by closing when the viscosity increases as the increaée of1).
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Figure 4. Breakup profiles for different wheno =
0.1, Re = 10 andWb = 47.9: (ajn = 0.2 (t, =
211.15, zp = 200.80, w. = 0.50), (b)n = 1 (¢, =
205.50, z, = 200.80, w. = 0.50) and (ch = 1.8
(ty = 205.55, z, = 200.80, w. = 0.50).

Figure 5. Typical three breakup profiles -
disintegration, ballooning and closing- for different
wheno = 2.6, Re = 10 andWb = 80; (a)» = 0.2
(ty = 111.95, 2z, = 109.40, w. = 0.72), (byn = 1
(ty = 122.20, 2, = 120.00, w. = 0.58) and (ch =
1.8 (tp = 125.80, 2z, = 120.60, w. = 0.40).

In spite of these three distinct breakup profiles for diffemgnive cannot find so evident discrepancies in the
breakup time and distance. This is shown in Figvhere variations ob., ¢, andz, are presented in (a), (b) and (c)
whenWb ando (= 1 and 4) are given, in each of which the cases ef 0.2, 1 and 1.8 are, respectively, denoted
by 0, o ande . Itis found from the Figure that the values @fand z;, for differentn agree well with each
other unlesd\b is so large, though,. are rather different forn. This means that the effects of the non-Newtonian
viscosity appear only near the breakup since the breakup time and distance are little affectetgdnyif the
breakup profiles are rather different.

Since most of the polymer liquids for the practical use are pseudo-plasticl(, the jet is apt to break up by
disintegration of the annular phase at the encapsulation foRlevirherefore, we need to set suitable experimental
condition and choose proper materials for successful capsule formation.

Conclusions

By using the long wave approximation we have derived the nonlinear equations of the non-Newtonian vis-
cous compound liquid jet. Resulting from the numerical analysis for the most unstable input frequencies when
sinusoidal disturbances are fed at the nozzle exit of the semi-infinite jet, the following conclusions are obtained :

1. Forlarger Reynolds numbeRs:, the jet breaks up like a single phase column jet whénsufficiently small,
while the core phase breaks up by pinching before closing of the annular phase forlafgerinfluence
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Figure 6. Classifications of the breakup profiles in the Figure 7. Variations ofw,., ¢, andz, for Wb wheno = 1
parameter spacdb ando whenRe = 10, wherelJ , o and 4 andRe = 10, wherel:n = 0.2, 0o :n = 1 and
ande , respectively, denote the cases when the breakup :n = 1.8.

is due to disintegration, ballooning and closing of the an-

nular phase: (&)= 0.2, (b)n = 1 and (¢ = 1.8.
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of the non-Newtonian viscosity on the breakup properties is not observed for different vatues of

2. For smallerRe, the jet still breaks up like a single phase column jet as long iazssufficiently small. The
non-Newtonian viscosity also does not affect the breakup properties for different values of

3. Wheno becomes large for smale, however, the breakup profiles become different depending ugon
the non-Newtonian viscosity. For smaller(< 1), the jet tends to break up by disintegration of the annular
phase, while the breakup for larger(> 1) mainly results from the ballooning or closing of the annular
phase. Generally, as the increaseipthe breakup by closing of the annular phase is more dominant in the
Wb ando parameter region.

4. The influence of the non-Newtonian viscosity grandz; is not so large even when sm&t and larges.
This means that the effect of non-Newtonian viscosity appears only near the breakup of the jet.

5. The jet using polymer liquids for smalte is apt to be subject to the annular phase disintegration, which
prevents the successful encapsulation.
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