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Abstract
This contribution aims at including droplet-droplet interactions into an Eulerian framework using the Direct
Quadrature based Sectional Method of Moments (DQbSMOM), a novel hybrid approach which combines the
Direct Quadrature Method of Moments (DQMOM), proposed by Fox et al. [1], with a Sectional Method (SM).
This is made possible by approximating the number density function (NDF) through the Maximal Entropy formal-
ism in order to calculate the droplet coalescence term, and by adopting the Eulerian Multi-Size Moment model
(EMSM), proposed by Massot et al. [2], to describe evaporating droplet polydispersity. The EMSM model pro-
vides not only an accurate prediction of the evaporative flux, but also the possibility to couple DQMOM with a
SM, once the moment flux between two sections can be calculated. The major advantage of this hybrid approach
is a higher accuracy related to convective transport and drag. Among the advantages of the Eulerian approach are
a lower computational cost through optimal parallel computing and a straightforward liquid-gas phase coupling.
To assess the designed tool, numerical results are compared to Phase Doppler Anemometry (PDA) measurements
of a hollow-cone water spray as experimentally investigated by Rüger et al. [3]. The experiment provides com-
prehensive validation data that include gas velocities, droplet size distribution and droplet velocities. Turbulence
is captured by two different k-ε based models. Satisfactory agreement is observed with increasing number of sec-
tions, allowing a better description of polydispersity.

Introduction
The polydisperse spray character of the injected liquid fuel predominantly influences the mixing of oxidizer

and fuel vapour and, consequently, the flame structure in combustion processes, considerably affecting combustion
efficiency and emissions in IC-engines and gas turbines. Especially due to increasing fuel prices and stronger
emissions regulations, there is a need for a reliable numerical tool to accurately describe and optimize the dense
spray behavior in modern engines.

On a mesoscopic level, there are two main approaches for the spray modeling: the Euler-Lagrange (EL) and
the Euler-Euler (EE) methods. Both are based on a mesoscopic description relying on a kinetic Boltzmann type
equation known as the Williams spray equation [4]. The EL method, also known as the Direct Simulation Monte-
Carlo method (DSMC), is able to describe the complexity of occurring physical phenomena in a straightforward
way, once the simulated particles (parcels) are tracked individually with a Lagrangian approach. Although the EL
method is generally considered the most robust, reliable and accurate approach for the spray simulation, its com-
putational cost strongly depends on the unsteadiness of the flow and mass loading of the system [5]. In order to
avoid a high level of statistical noise and achieve an accurate and smooth continuous field of the droplet averaged
properties, a sufficient amount of sampled parcels is required. This necessary amount of parcels increases con-
siderably when unsteady simulations, that require fine time and spatial discretizations, are performed. Especially
in the case of Large Eddy Simulation (LES), the necessary amount of sampled parcels per time step and grid cell
is considerably higher in comparison to RANS models, since LES is less dissipative than RANS. Nevertheless, a
RANS-approach is followed in this paper. Also among the drawbacks of EL models is the difficulty in the accurate
coupling between the Lagrangian disperse phase and the Eulerian continuous phase, and in achieving an optimal
parallelization of the solver, since most parcels are located in a small region of the computational domain.

A promising alternative to EL methods is the EE approach. Also known as Eulerian moment methods, EE mod-
els calculate the evolution of the moments of the number density function (NDF) with a set of Navier-Stokes-like
transport equations. The structure of these equations and their computational cost does not depend on the droplet
mass load or the unsteadiness of the system. Since the equations of both disperse and continuous phase share the
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same structure, the coupling between both phases is straightforward and solver parallelization can be optimized.
For these reasons, there is a growing interest in the development of reliable Eulerian moment models for the spray
simulation. Several approaches and their variations are found in the literature, such as the Quadrature Method
of Moments (QMOM) [6], the Direct Quadrature Method of Moments (DQMOM) [1] and the class or Sectional
Methods (SM) [2, 7, 18], each of them with their advantages and drawbacks. In the case of DQMOM, a major chal-
lenge involves the accurate description of convective transport and drag effects. The general DQMOM approach
is to approximate the NDF by a few quadrature points and assume that all droplets of a certain size locally share
the same velocity (mono-kinetic assumption), such that, regarding convective transport and drag, these quadrature
points are handled as ordinary disperse phases of a multi-fluid model. Therefore, in its standard form, DQMOM
is not suitable for the simulation of spray systems involving high droplet-gas relative velocities. A similar issue
has been recently tackled by Vié et al. [14], who proposed a new model called Coupled Size-Velocity Moments
(CSVM) model, within a moment method framework. The CSVM model addresses size-velocity correlations in
drag and convectional transport processes.

In this work, a novel hybrid approach, referred to as the Direct Quadrature based Sectional Method of Moments
(DQbSMOM), which combines DQMOM with a SM, is proposed. The idea is to split the droplet size space into
sections, as in a SM, and to approximate the NDF with weighted Dirac-delta functions over each section. Following
an operator splitting method, droplet coalescence and evaporation are handled separately from the multi-fluid
system. A new approach for calculating droplet coalescence, based on the reconstruction of the NDF through a
Maximal Entropy formalism is proposed, while the droplet evaporation is calculated according to the Eulerian
Multi-Size Moment (EMSM) model, proposed by Massot et al. [2]. The simple d2-law of evaporation is first used.
Two k-ε based turbulence models for the disperse phase, namely the Simonin & Viollet and Chesters & Issa model,
are applied to retrieve the influence of turbulence modeling of the disperse phase within the RANS framework.

Numerical Method
The Direct Quadrature based Sectional Method of Moments
The spray is characterized by the joint number density function f(v,u;x, t) of droplet volume and velocity.

The evolution of f(v,u;x, t) is described by a kinetic Boltzmann type equation proposed by Williams [4]:

∂tf + ui∂xi
f + ∂v(Rvf) + ∂ui

(Fif) = Γ, (1)

where Rv describes the evaporation rate, Fi are the forces acting on the droplet (i.e. drag), and Γ is the droplet
coalescence term, derived from the kinetic theory of gases.

In an Eulerian framework, the Williams equation is solved using the DQbSMOM, a novel hybrid approach
which combines the Direct Quadrature Method of Moments (DQMOM), introduced by Marchisio and Fox [8],
with a Sectional Method (SM) [2, 7, 18]. Thus, the droplet size space is divided into intervals (also called sections)
and the NDF is approximated by weighted Dirac-delta functions over each section k:
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N∑

n=1

wk
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After inserting the approximation (2) into the Williams equation (1), transport equations for the number den-
sity, mass density and momentum density are derived [1]:
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Closure for the terms akn, bkn and ckj,n, on the right hand side of equations (3), (4) and (5), is generally achieved by
applying moment transforms to both sides of the Williams equation:∫

vqul1u
m
2 u

p
3(∂tf + ui∂xi

f)dvdu =

∫
vqul1u

m
2 u

p
3(Γ− ∂v(Rvf)− ∂ui

(Fif))dvdu (6)

Then, a linear system of equations is derived from equation (6) after a choice of 5N moments. The terms
akn, bkn and ckj,n are generally determined by solving this linear system (see [1]). However, this procedure does
not exactly apply to all physical effects considered, which are handled separately as described in the following
subsections.
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Coupling to a Multi-Fluid Method
Following a mono-kinetic assumption, only moments of order 0 and 1 are considered for the velocity compo-

nents, such that all terms accounting for the forces acting on the droplets are de-coupled from the DQMOM system
(6). Then, the DQMOM is coupled to a multi-fluid method by considering each abscissa n of each section k to
represent a disperse phase in the multi-fluid system, and by defining the phase volume fraction as αk

n = wk
nv

k
n,

where wk
n is the number of droplets per volume unit. Hence, the left hand side (LHS) of equations (4) and (5) are

equal to the LHS of the continuity and momentum transport equations of a multi-fluid method, respectively:
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Additionally to the drag term, the RHS of equation (8) also includes turbulence diffusion and gravity effects.
Regarding turbulence, the mathematical correctness of this coupling approach has been addressed by Belt and
Simonin [9]. Satisfactory results have been achieved by different authors (see [10, 11, 12]) by following this
coupling method.

Turbulence is modeled with the standard k-ε model. k and ε equations, extended to account for interphase
interaction terms, are solved for the continuous phase only. The turbulence of the disperse phase is modeled
according to approaches of Simonin & Viollet [13, 15] and Chesters & Issa (see in [16]), respectively. In both
cases, a double averaging approach is followed. That is, after a volume average, a Favre average is applied to the
transport equations of each phase. The advantage of this double averaging approach is that no additional terms are
present in the averaged continuity equations.

According to Simonin & Viollet [15], turbulence quantities of the disperse phase can be determined in terms
of the mean characteristics of the continuous phase and the ratio of droplet relaxation and eddy-droplet interaction
times. The turbulent kinetic energy of the disperse phase is given by:

kd =

(
b2 + η

1 + η

)
kc (9)

where η is the ratio between the time of correlated turbulent motion and the droplet relaxation time, and b depends
on the coefficient of added mass and on the ratio between the liquid and gas densities.

Following the approach proposed by Politis [17], Chesters & Issa consider a response coefficient Ct to relate
the turbulent kinetic energy of the disperse phase to the one of the continuous phase:

kd = C2
t kc (10)

with

Ct =
3 + β

1 + β + 2ρd/ρc
and β =

12Ad

πdµ

(
le
d

)
1

Ret
, (11)

where le is the turbulence length scale, µ describes the gas viscosity and Ret is the turbulence Reynolds number.
The friction coefficientAd depends on the drag coefficient, droplet diameter d and droplet-gas relative velocity. The
densities of the disperse and continuous phases are described by ρd and ρc, respectively. Moreover, the influence
of turbulence on droplet drag is taken into account by both models. For detailed information on the modeling of
turbulence stress and drag, please refer to the referenced literature.

Operator Splitting
The occurring physical phenomena are handled separately by considering an operator splitting approach (see

[18]). More precisely, droplet coalescence and droplet evaporation are computed individually and separately from
the multi-fluid system, such that the Williams equation (1) is split into the following system:

∂tf + ui∂xi
f = −∂ui

(Fif) (12)
∂tf = −∂v(Rvf) (13)
∂tf = Γ (14)

The solution of the full problem is approximated by alternatively solving equations (12), (13) and (14). It is
interesting to notice that applying DQMOM to the equation (12) results in the multi-fluid system composed by
equations (3), (7) and (8), with akn = 0.
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Droplet Coalescence
The droplet coalescence term can be separated into two parts: Γ = Q−coll + Q+

coll, which account for the
droplets killed and created, respectively [1]:

Q−coll(v) = −
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where vo = v−v′, uo = (vu−v′u′)/(v−v′), and J = (v/vo)3 is the Jacobian of the transform (v,u)→ (vo,uo)
with fixed (v′,u)′. B is the collision frequency defined by
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Then, similarly to the standard DQMOM approach proposed by Fox et al. [1], moment transforms (6) are
applied to both sides of equation (14), and a linear system is derived after a choice of 5N moments. The LHS of
this linear system is given by:∫ ∫ v
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(v ∈ [vk−1, vk]). Hence, the NDF must be priorly known in order to numerically integrate the RHS of the system:∫ ∫ v
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The NDF is approximated from its moments by Entropy Maximization (see [2, 19]). The velocity as a function
of droplet size is approximated using the strategy proposed by Vié et al. [14]. A two-dimensional Newton-Cotes
quadrature is used to numerically integrate the coalescence term. It is also interesting to mention that the integration
nodes are fix for all sections Si with i ∈ [1, Nsec−1], Nsec is the number of sections, such that the total amount of
operations as well as the computational cost of the model are significantly reduced. For more information, please
consult the referenced literature.

Evaporation
Droplet evaporation is calculated with the Eulerian Multi-Size Moment (EMSM) model, proposed by Massot

et al. [2], considering the simple d2-law of evaporation:

d(d2)

dt
= Rs(t) (20)

where Rs(t) describes the evaporation rate. In this case, the EMSM model considers that, over a small time-step
∆t, the NDF of droplet surface f(s) is simply shifted over the s-axis without changing its shape. The length of
this shift is equal to Rs(t)∆t. The moment flux between the section boundaries as well as the droplet evaporative
flux are predicted by integrating a reconstruction of f(s) over each boundary shift. This reconstruction is achieved
through the Maximal Entropy formalism. For a detailed description of the model, please see [2, 18]. In principle,
the EMSM algorithm can be extended to advanced evaporation models [22, 23].

Experimental and Numerical Configuration
The experimental configuration considered for the assessment of the implemented numerical model concerns

a water hollow-cone spray under ambient conditions (20.9°C air temperature). Although droplet evaporation is not
neglectable, the configuration was designed for validating results regarding spray evolution and droplet coalescence
effects. Phase Doppler Anemometry (PDA) measurements were conducted by Rüger et al. [3] at four positions
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Figure 1. Experimental geometry [3].

located from 25mm to 200mm downstream of the nozzle, as illustrated in figure 1. The occurrence of secondary
droplet breakup is neglectable after the first measurement location. For additional information, the reader may
refer to [3].

The inlet of the simulation domain is located at the first measurement location (x=25mm) and the measured
data were considered as boundary conditions. DQMOM quadrature points over the inlet profile were calculated
using the Product Difference algorithm (see [10, 21]). Transient simulations were performed using a structured 3D
mesh with 640,000 cells and considering a time-step of 7.5e-5 seconds. In the near nozzle region, the cells have
a length of about 1mm in each coordinate direction. A mesh dependency study has been previously performed.
Unsteady calculations were conducted until a stationary state was reached.

Results and Discussion
In order to illustrate the accuracy of the DQbSMOM hybrid approach concerning convectional transport and

drag, four simulations with a different amount of sections were performed. The first one is a regular DQMOM
approach, with only one section and 3 quadrature points. The others consider 3, 4 and 5 sections, respectively,
and 2 quadrature points per section. The results were achieved with and without considering droplet coalescence
and evaporation processes. Droplet coalescence and evaporation are not first considered with the aim of isolating
convectional transport and drag effects. However, it is interesting to mention that the influence of droplet coales-

Figure 2. Droplet mean diameter over different measurement profiles.

Figure 3. Axial mean droplet velocity. Figure 4. Radial mean droplet velocity.
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Figure 5. Axial mean droplet velocity. Figure 6. Radial mean droplet velocity.

cence and evaporation on the radial profiles of the droplet mean properties is little. Results are provided in figures
2, 3 and 4, where profiles of mean droplet diameter and droplet mean axial and radial velocities are plotted over
different measurement locations. The zig-zag pattern of these profiles are errors associated to droplet dispersion,
majorly influenced by convectional transport and drag. One can see that this error is substantial if only one section
is considered. As the amount of sections is increased, the deviation from experimental results is considerably
reduced. The reason for that is not only an increase in the total amount of quadrature points, but also the choice
of these points. While the choice of DQMOM points over a section depends only on the Product Difference algo-
rithm, the sections were determined in such a way that the integral droplet mass is more or less equally distributed
over the sections at the inlet location. The results in figures 2, 3 and 4 were calculated using the Simonin & Viollet
approach for modeling the turbulence of the disperse phase.

Figure 7. Droplet number concentration calculated using the Chesters & Issa (left) and the Simonin & Viollet
(right) turbulence models, without droplet coalescence.

Figure 8. Droplet number concentration from experimental measurements (left) and simulation using the Simonin
& Viollet turbulence model including droplet coalescence (right).

Although the DQbSMOM considerably increases the accuracy related to droplet dispersion, the turbulence
modeling also plays a significant role. For this reason, two different approaches for modeling the turbulence of
the disperse phase are evaluated: Simonin & Viollet [15] and Chesters & Issa (see in [16]). One can see in figures
5 and 6 that the results delivered by the Simonin & Viollet model are considerably more accurate. It is also
interesting to notice that the Chesters & Issa model achieves smoother curves. Qualitatively, the higher accuracy
of the Simonin & Viollet model can be noticed in figures 7 and 8, where contours of droplet concentration are
plotted. In comparison to the experimental data (figure 8, left), the model of Simonin & Viollet (figure 7, right) is
able to qualitatively predict radial droplet dispersion in the dense spray region with a satisfactory accuracy. Similar
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Figure 9. Axial mean gas velocity. Figure 10. Radial mean gas velocity.

to experimental measurements, the spray angle can be clearly noticed. In contrast, Chesters & Issa poorly predicts
radial droplet dispersion, especially after a distance of about 0.1m from the nozzle, such that the contours are nearly
flat along the spray axis and a spray angle is not noticeable. In addition, the standard k-ε model itself is unable
to accurately predict the radial mean gas velocity (see figure 10), negatively influencing radial droplet dispersion.
Farther from the nozzle, the Chesters & Issa model increases even more the already high error associated to the k-ε
model. However, the axial mean gas velocity is predicted with a reasonable accuracy by the k-ε model, as seen in
figure 9, and the Simonin & Viollet model does not affect this trend. Simulations were performed considering the
case with 4 sections.

Under consideration of droplet coalescence and evaporation, the results obtained are displayed in figures 8, 11
and 12. Qualitatively, the importance of droplet coalescence can be noticed by comparing figures 7 (right) and 8
(right) to experimental measurements illustrated in figure 8 (left). The calculations concern the same simulation
case, that is, the case with 4 sections, 2 quadrature points per section, and using the Simonin & Viollet model
for the turbulence of the disperse phase. The only difference is that droplet coalescence is accounted for in the
simulation related to figure 8 (right). One observes that the calculation of droplet coalescence results in a higher
droplet dispersion in radial direction, especially farther from the nozzle, meeting experimental measurements with
a greater agreement. A reason is an increase of the Sauter mean diameter (SMD) due to droplet coalescence,
resulting in a lower droplet deceleration. This increase of the SMD is observed in figure 11, where the integral
SMD for each measurement location along the spray axis is plotted. Only marginally the same trend is detected
for droplet evaporation. In this case, the SMD slightly increases due to the disappearance of small droplets.

In figure 12, simulated and measured local droplet diameter distributions are compared. As expected, the
amount of smaller droplets decreases if droplet coalescence is taken into account. Despite the fact that an increase
in the amount of larger droplets is not detectable, the measured local NDF is predicted by the DQbSMOM with a
satisfactory agreement if droplet coalescence is considered. Also, the plotted curves of simulation results are NDF
reconstructions from the calculated quadrature points. These reconstructions are Maximal Entropy approximations
based on the moments of the NDF.

Figure 11. Integral Sauter mean diameter along the
spray.

Figure 12. Local droplet diameter distribution at
point (x,y) = (50mm, 10mm).

It is also important to mention that a few large droplets are present in the experimental measurements and
a high level of statistical noise associated to these droplets is detectable over the inlet profile. For this reason,
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these few droplets are neglected such that only 99.98% of the measured droplets are considered for calculating the
DQMOM quadrature points, explaining the small deviation between the measured and calculated integral SMD
at the inlet location, as seen in figure 11. This is done to achieve more stable simulations and avoid singularities.
Note that in a previous publication (see [20]) the authors have considered only about 98% of the measured droplets,
which results in a noticeable deviation between the results presented. Also, the divergence of the velocity of the
disperse phase has been limited in a few cells of the grid in order to avoid a non-physical accumulation of droplets.

Conclusion
A novel hybrid approach that combines DQMOM with a SM, referred to as the Direct Quadrature based Sec-

tional Method of Moments (DQbSMOM) in this work, has been introduced and a new approach for calculating
droplet coalescence, based on the Maximal Entropy approximation of the NDF for integrating the coalescence
source terms, has been presented. The EMSM model, considering the d2-law of evaporation with a constant evap-
oration rate, has been implemented to calculate the evolution of the NDF due to droplet evaporation. Regarding
convective transport and drag, simulation results illustrate the considerably higher accuracy of the DQbSMOM in
comparison to the standard DQMOM approach. The droplet coalescence and evaporation phenomena are clearly
described by the implemented model and the correct trends are predicted. Two k-ε based approaches for modeling
the turbulence of the disperse phase have been assessed. Although the standard k-ε model for describing the gas
phase turbulence along with the Simonin & Viollet model for the turbulence of the disperse phase deliver satisfac-
tory results, weaknesses of this simple modeling have been outlined. Improvement of the turbulence modeling that
includes LES is work in progress.
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