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Abstract
An experimental investigation of the crater formed by the impact of a millimetric drop onto a semi-infinite liquid
target has been performed using high-speed imaging and image processing. Then, a theoretical model for the crater
evolution has been developed, which is able to predict the temporal variation of the crater depth for high Weber,
Froude and Reynolds numbers. The flow around the crater is approximated by an irrotational velocity field past a
moving and expanding sphere. The equations of propagation of the surface of the crater have been obtained from
the balance of stresses at the crater interface, accounting for inertia, gravity, surface tension and viscosity. The
temporal evolution of the crater depth has been calculated by numerical solution of the equations of motion. The
model has been validated against experimental data. The agreement is rather good.

Introduction
Phenomena of drop impacts on liquid layers are related to various engineering applications in which secondary

spray atomization after collision with a wall, spray deposition/coating or spray cooling play an important role. The
wall flow generated by spray impact is rather complicated and is still not completely understood [1, 2, 3]. In order
to model and predict the outcome of spray/wall interaction an accurate prediction of the typical sizes of the crater
formed by a single drop impact and the characteristic time of its formation and collapse is necessary. Moreover, a
simplified description of the liquid flow generated by drop impact is required in order to reliably model the heat
transfer associated with spray cooling [4].

When a single drop impacts onto a deep pool with high velocity it creates an expanding, nearly spherical cavity.
The cavity first penetrates into the liquid pool and then recedes under the action of surface tension and gravity.
Most of the existing models of drop impact presented in the literature deal with predictions of the maximum
crater depth. All the models, which are usually based on an energy balance, are formulated with the assumption
of a hemispherical shape for the crater, centered on the impact point [5, 6, 7, 8, 9, 10, 11, 12]. [13] found an
analytic expression for the crater evolution in time, using the energy balance equation and assuming a kinematically
admissible irrotational flow around the expanding crater. [14] used the simple flow generated by the point source
for the description of the pressure field around the crater. The equations of the crater expansion are obtained from
the kinematic and dynamic boundary conditions at the free surface of the spherical crater. An analytical expression
for the crater radius and depth is then obtained, which agrees well with the experimental data for the relatively
early stages of crater penetration. This model does not predict maximum crater penetration depth and receding,
since the surface tension and the gravity are not taken into account.

There are two main disadvantages related to most of the existing theoretical models for cavity expansion. The
first problem involves the use of an energy balance. It is well-known that such an approach is among the lowest
level theoretical tools, and can only provide appropriate and approximate scales of the problem. In the case of drop
collision with a deep pool, the energy balance approach cannot easily model the energy lost due to generation of the
spreading waves or the energy expended on splash and secondary atomization. The second disadvantage is in the
approximation of the crater shape by an expanding sphere with a center fixed at the impact point. Our experiments
show that such an approximation is not precise. The flow generated by an expanding sphere is symmetric, it leads
to a uniform distribution of the stresses on the surface of the crater, thus it is not able to correctly describe the
pressure gradient associated with gravity.

Experimental investigation
Experimental method

The impact of drops onto a pool of the same liquid has been observed using a high-speed video system.
Distilled water and acetic acid were used as a working liquids. A sketch of the experimental setup is shown in
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Figure 1: Schematic of the experimental setup.

Table 1: Values of density ρ, viscosity µ and surface tension σ for the fluids at the reference temperature 30 °C.

ρ (kg/m3) µ (kg/ms) σ (N/m)

Water 996 0.80× 10−3 71.22× 10−3

Acetic acid 1040 1.04× 10−3 26.63× 10−3

Figure 1. When liquid interfacial phenomena are observed through a container, the liquid meniscus formed at the
interface between the liquid surface and the transparent wall obscures the area close to the interface. To avoid this
effect the target pool (1) was placed on a level platform and was filled to the rim, using it as pinned contact line
[15, 10, 11]. In order to accurately regulate the level of the water, the container was connected by a flexible tube
to a liquid reservoir (2) mounted on a micrometric vertical stage. Drops generated with a dripper (3), fed by a
reservoir (4), are detected by a light sensor (5). The light emitted by a lamp (6) is diffused by a etched glass (7).
The components are controlled and synchronized with electronic acquisition cards (9), a wave generator (10) and
a graphical user interface (11). The impact velocity was varied by changing the fall height. All the experiments
were performed under atmospheric conditions. The camera (8) was mounted on a tilting, rotating and movable
platform which allows adjustment of the liquid surface normal to the field of view. The target fluid is heated up due
to the high intensity illumination, its temperature remains constant at 30 °C. The physical properties of the liquids
at this temperature are reported in Table 1. Image analysis was run together with a graphical interface showing
frame by frame the edges of the detected features superimposed onto the original image and allowing visual user
control. Correct configuration and image analysis, which accounts for the effects related to the refraction, are
rather important in order to obtain reliable data. More details can be found in [16].

Five selected cases are presented in Table 2. The Weber, Froude and Reynolds numbers are used in this study
to describe the phenomena of drop impact: We = ρV 2D/σ, Fr = V 2/(gD) and Re = ρV D/µ, where ρ, µ, σ
are the density, the viscosity and the surface tension of the target liquid, D and V are the diameter and velocity of
the impacting drop. Some variables and parameters in this study will be presented in dimensionless form. They
are scaled using D as the length scale, V as the velocity scale, and D/V as the time scale. ∆ and Ω are used to
represent the dimensionless crater depth and width, while τ is the dimensionless time.

Experimental results
A typical time sequence of drop impact is shown in Fig. 3. The crater and the crown reach their maximum size

at about the same time. Then the crown begins to fall down, generating capillary waves which travel to the bottom
of the receding crater, from which a central jet is ejected.

Figure 3a show the evolution in time of the dimensionless crater depth ∆. At smaller Weber numbers, cor-
responding to the cases a and b, the effect of surface tension is significant and the evolution of the crater is soon
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Table 2: List of impact parameters and the results for the dimensionless maximum crater depth ∆max and the
corresponding instant τmax. Case d is shown in Figure 3.

Case Fluid D (mm) V (m/s) We Fr Re ∆max τmax

a water 2.2 2.4 170 262 6391 2.44 14.83

b water 1.8 3.0 226 489 6774 2.55 17.48

c water 2.3 3.6 406 569 10 128 2.82 20.54

d water 2.8 4.2 683 620 14 638 2.93 22.01

e acetic acid 2.9 4.4 2190 694 12 687 3.11 27.08

(a) t = 1.3 ms (b) t = 4.3 ms (c) t = 10.4 ms (d) t = 22.6 ms (e) t = 28.7 ms (f) t = 78.8 ms

Figure 2: Drop impact in the splashing regime. (Water, D = 2.8 mm, V = 4.2 m/s, We = 688, Fr = 619,
Re = 14 624).

influenced by the propagation of the capillary waves. The curves corresponding to higher Weber numbers, see
cases c - e, are rather smooth, which indicates that the evolution of the crater is influenced by the capillary waves
only at longer times. Due to a different behavior of depth and width evolution, the shape factor ε = ∆/Ω of the
crater is not constant, but varies in time, as shown in Figure 3b. It is also obvious that the crater is not a perfect
hemisphere, with its center at the impact point (which would correspond to ε = 1/2), as considered in all of the
previous analytical models.

Model development
In order to develop a simplified model for crater formation, we subdivided the process of drop impact into two

main phases. During the first phase, τ < τ∗ (τ being the dimensionless time), the drop deforms, generating a thin
radially expanding liquid layer. The motion of this interface is governed by the balance of the stresses generated
by the flows of the drop and pool liquids. The velocity of penetration of the drop/target interface at the time period
τ < τ∗, is approximately half of the impact velocity. This result is well-known from the penetration mechanics
[17, 18] and was previously used for the description of drop impact [12, 14]. The dimensionless rate of drop
erosion is therefore approximately 1/2. The typical dimensionless time of drop deformation is thus τ∗ ≈ 2.

At times τ > τ∗, a thin residual liquid layer of the drop material is formed on the crater surface. During this
phase the cavity shape can be well approximated by the shape of the drop/target interface. The inertial effects
associated with the flow in this layer are negligibly small and the dynamics of cavity expansion can be analyzed
involving conventional boundary conditions of a free surface. Crater expansion is governed by the inertia of the
flow in the liquid pool and decelerated by capillary forces and gravity.

At some instant the crater reaches a maximum penetration depth and starts to recede. At relatively small
Weber numbers, the receding phase is influenced significantly by the capillary waves generated by the falling
crown. Moreover a jet is ejected from the center of the crater. These phenomena affect significantly the dynamics
of cavity collapsing. Their analysis is outside the scope of the present study.
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Figure 3: Measurements of the dimensionless crater depth ∆ and width shape factor ε as a function of the dimen-
sionless time τ . Impact conditions have been reported in Table 2.
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Figure 4: Sketch of the cavity and definition of the fixed and moving reference frames.

Flow field in the liquid pool
In this study the cavity expansion is approximated by a combination of the sphere expansion and its translation

along the impact axis.
Consider a reference frame fixed at the impact point O with the x axis lying on the unperturbed liquid surface

and the z axis (impact axis) directed normal to it, as in Figure 4. Consider also a moving spherical coordinate
system {r, θ, ϕ} with the origin at the center O′ of the spherical cavity, where r is the radial coordinate and θ is the
zenith angle. The radius of the crater in the relative spherical reference system is denoted by a(t) and the position
of its center on the symmetry axis by zc(t).

The potential φ of a relative irrotational flow around the cavity in the moving coordinate system satisfying
the Laplace equation ∆φ = 0 can be easily obtained as a superposition of a flow past a sphere and the radially
expanding flow generated by sphere expansion:

φ = −żcr
(

1− a3

2r3

)
cos θ − ȧ a

2

r
. (1)

The pressure distribution pcr(θ, t) in the liquid at the crater surface, r = a, can be obtained using the nonsta-
tionary Bernoulli equation [19]:

pcr

ρ
=
U2

2

(
1− 9

4
sin2 θ

)
+ g(zc + a cos θ) +

aU̇

2
cos θ +

3ȧ2

2
+ aä+

3

2
ȧU cos θ. (2)

It contains two unknown functions, a(t) and zc(t), which have to be determined from the dynamic boundary
conditions at the crater surface accounting for the capillary forces and gravity.
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Figure 5: The dimensionless depth of crater penetration as a function of the dimensionless time. Comparison
between experimental data (symbols) and theoretical predictions (curves) for various impact parameters listed in
Table 2.

Crater evolution at times t > 2D/V
At large times the pressure gradient in the thin drop spreading on the expanding crater is negligibly small. The

Young-Laplace equation applied to the crater surface, pcr + 2σ/a = 0, cannot be satisfied exactly over the entire
cavity surface. On the other hand expression (2) can be linearized near the cavity bottom, θ ≈ 0. The dynamic
boundary condition can then be written in the form:

0 = −7U2

4
+ gzc +

3ȧ2

2
+ aä+

2σ

ρa
+

[
9U2

4
+ ga+

aU̇

2
+

3ȧU

2

]
cos θ +O(U2θ4). (3)

It should be noted that at large times U � ȧ since in all the considered cases the Froude number is small,
therefore the last term in (3) is negligibly small in comparison with other terms.

Denote the dimensionless crater radius and axial coordinate of the center of the sphere as α and ζ. The
dimensionless penetration depth is expressed as ∆ = ζ + α. Condition (3) yields the dimensionless system of
ordinary differential equations for α(τ) and ζ(τ):

α̈ = −3

2

α̇2

α
− 2

α2We
− 1

Fr
ζ

α
+

7

4

ζ̇2

α
− 4α̇

α2Re
, (4)

ζ̈ = −3
α̇ζ̇

α
− 9

2

ζ̇2

α
− 2

Fr
− 12ζ̇

α2Re
. (5)

where the effect of viscosity has also been included. Since the order of the magnitude of α̇ is comparable with
unity the importance of the viscous terms in (4) in comparison with the capillary forces can be estimated by the
capillary number Ca = Re/We. The present analysis is therefore valid for the cases when the effect of viscous
forces is small, i.e. for Ca � 1. The evolution of the crater can now be evaluated by numerical integration of
the system of ordinary differential equations (4)-(5) subjected to the initial conditions, obtained from experimental
data and theoretical predictions (for further details see [19]).

Results and discussion
A comparisons between the model prediction and experiments for evolution of the penetration depth are shown

in Figure 5. The agreement is rather good. As expected, the difference between experimental data and predicted
values increases at the last part of the receding phase. Some discrepancy between the predictions and the exper-
iments can be explained by the influence on the flow of the propagating capillary waves (not considered in the
theory) and by the crater deformation at the bottom part, leading to the formation of the central jet. Cases a and b
in Figure 5 correspond to low impact velocity at which capillary waves soon significantly deform the crater shape.

Figure 6 shows a superposition of the crater predicted by the theoretical model to the recorded images for the
case d of Table 2. The agreement between the theoretical predictions and the experimental shape of the cavity is
rather good at the bottom region of the crater (θ � 1) where the model is valid. Some discrepancy appears when
the shape of the crater is deformed by the capillary waves.
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(a) τ = 3.02 (b) τ = 9.72 (c) τ = 17.54 (d) τ = 27.60 (e) τ = 37.65 (f) τ = 44.36

Figure 6: Superposition of the theoretical model and the recorded images. The round symbol represents the center
of the circle fitting the crater profile. The square symbol represents the center of the modeled crater.

Conclusions
An experimental and analytical investigation of the crater formed by the impact of a drop onto a deep liquid

pool at sufficiently high Weber, Froude and Reynolds numbers has been presented. Image processing has revealed
the shape of the crater to be very similar to a portion of a sphere. Potential flow theory has been used to model the
flow around the crater. The equations of cavity expansion have been obtained from the balance of stresses at the
crater interface. The model accounts for the effects of inertia, gravity and surface tension. It is shown that at high
Reynolds numbers, especially if Re > We, the effect of viscosity is negligibly small. The agreement between the
theoretical predictions and the experimental data for the evolution of the penetration depth of the cavity is rather
good. The proposed approach can be potentially used for the description of impact of small sub-millimeter drops
typical for spray/wall interaction, in which the effect of capillary forces is significant.
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